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ABSTRACT  “7- - 

A  class  of  nonlinear  Sturm-Liouville  problems  is  considered.  These 
problems  admit  zero  as  a  trivial  solution  and  the  nonlinear  operator 

linearized  about  zero  has  a  purely  continuous  spectrum  [0 , <=^> )  -  Variational 

/  "/ ,  •'  .■ 

techniques  and  approximation  arguments  are  used  to  obtain  the  existence  of 
nontrivial  solutions  with  any  prescribed  number  of  nodes  and  for  some 
nonlinearities  it  is  shown  that  this  solution  is  unique.  Moreover,  the  lowest 
point  of  the  continuous  spectrum  is  a  bifurcation  point;  infinitely  many 
continua  of  solutions,  which  are  distinguished  by  nodal  properties,  bifurcate 
from  the  line  of  trivial  solutions  at  this  point.  Results  are  also  obtained 
in  higher  dimensions  via  investigation  of  the  set  of  radial  solutions  of 


appropriate  partial  differential  equations. 
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§0.  INTRODUCTION 

Bifurcation  questions  for  nonlinear  elliptic  eigenvalue  problems 
on  unbounded  domains  have  recently  been  studied  by  various  authors 
( (1] -[ 1 1J , [ 13] , 123] / [28] , [29] , [42] ).  They  have  found  that  the  lowest 
point  of  the  continuous  spectrum  of  the  linearized  operator  is  a 
potential  bifurcation  point.  In  these  papers,  there  are  mainly  two 
kinds  of  bifurcation  phenomena  that  have  been  dealt  with:  (i) 
bifurcation  of  solutions  having  parameter  values  in  the  continuous 
spectrum  ([1]-[8])  and  (ii)  bifurcation  of  solutions  having  parameter 
values  not  in  the  continuous  spectrum  ([9]-[11]). 

In  this  thesis  we  further  study  such  problems  pertaining  to 
(i).  We  consider  a  nonlinear  Sturm-Liouville  eigenvalue  problem  for  a 
family  of  ordinary  differential  equations  and  a  related  class  of 
partial  differential  equations.  In  the  ordinary  differential  equation 
case,  we  study  the  boundary  value  problem 

-u"  *  Xr(x)u  -  F(x,u)u,  0  <  x  <  +»  (0.1. a) 

u(0)cos6  -  u’(0)sin9  =0,  u  e  L^[0,»)  (0.1. b) 

where  r  and  F  are  nonnegative  continuous  functions.  F(x,0)  =  0 
and  0  «  [0,  -j] .  The  related  problem  in  the  partial  differential 
equation  case  is 

«&u  -  Xr(x)u  -  F(x,u)u  x  e  rn  (0.2. a) 

U  €  L2(RN)  .  (0.2.b) 

Xttpper  (1],  [2]  first  pointed  out  that  a  minimal  growth  condition 
with  respect  to  x  for  the  nonlinearity  is  needed  to  ensure  the 
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existence  of  an  L  ^solution  of  (0.1).  In  particular/  if 

F(x,y)  =  w(x)|y|a,  then  there  exists  a  nontrivial  L2-solution  if  and 

only  if  /  ui  ^adx  <  +«.  The  point  X  *  0  is  the  infimum  of  the 
0 

continuous  spectrum.  KUpper  proved  that  for  any  X  >  0  there  exists 
a  positive  solution  and  that  these  solutions  form  a  continuum 
bifurcating  from  (X/U)  =  (0/0).  By  a  continuum  of  solutions,  we  mean 
a  set  of  pairs  (X,u)  e  R  x  E,  satisfying  (0.1),  which  is  connected 
with  respect  to  a  reasonable  topology  in  a  function  space  E 
associated  with  (0.1). 

Applying  arguments  due  to  Ljusternik  and  Schnirelman,  Bongers, 


Heinz  and  Ktlpper  [3]  considered  Dirichlet  boundary  value  problems  for 
both  ordinary  differential  equation  and  partial  differential  equation. 


They  proved  in  particular  for  problems  like  (0.1)  and  (0.2)  that  for 
every  r  >  0,  there  exists  a  sequence  (x£r* ,u£r ^k>i  of  solutions 


such  that  Ru^  S  ^  -  r  and  that  lim  xjj 


®,  while 


11m.  Xiri  *  0.  In  the  ODE  case,  Heinz  [6]  further  related  the 
+  K 

r+0 

Ljusternik-Schnirelman  critical  levels  associated  with  (0.1)  to  nodal 


properties  of  solutions.  This  work  [3]  shows  the  problem  has  a 
sequence  of  solution  "branches"  emanating  from  (X,u)  =  (0,0)  and  a 
natural  open  question  is  whether  these  "branches"  are  connected. 
Jones  and  KHpper  [4]  studied  a  more  restricted  problem 


-u"  ■  Xu  -  u(x)  u  °u,  0  <  x  <  +® 


(0.3. a) 


u(0)  ■  0,  u  e  L*[0,«)  . 


(0.3.b) 


They  used  various  assumptions  on  u  near  infinity,  a  good  model  case 
being  w(x)  -  p(x)ec*  with  a  >  0  and  p(x)  >  0  a  polynomial.  For 
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each  X  >  0,  they  employed  phase  portrait  techniques  to  construct  a 
sequence  (uk,x)k>1  of  solutions  such  that  Uj^^  has  exactly  Jc  —  1 
distinct  interior  zeroes.  Moreover,  u^^  +  0  as  X  -*■  0. 

More  recently,  Heinz  [7]  treated  (0.3)  imposing  the  following 
hypotheses : 

1*  log  u  is  convex 

2*  a)  is  monotonically  nondecreasing 
3*  to'  attains  positive  values 

2 

and  proved  for  fixed  X  that  L  -solutions  with  a  fixed  number  of 
zeroes  cannot  be  the  limit  point  of  L  -solutions  which  possess  the 
same  nodal  property.  Thus,  among  these  L  -solutions  having  the  same 
nodal  property,  there  is  one,  having  a  minimal  (in  magnitude) 
derivative  at  x  =  0,  which  he  called  the  "preferred  solution".  He 


S 

A 


showed  the  "preferred  solutions"  form  connected  sets  and  all  of  these 

2 

continua  emanate  from  the  point  (0,0)  e  R  x  L  in  some  suitable 


norm.  Then,  in  [8],  he  used  arguments  of  Ljusternik-Schnirelman  type 
to  get  further  existence  results  for  solutions  of  (0.1). 

In  this  thesis,  we  will  investigate  various  questions  for  problem 

(0.1)i 

(a)  Existence  and  uniqueness  of  positive  and  negative  solutions. 

(b)  Existence  and  uniqueness  of  solutions  with  a  prescribed  number  of 
nodes. 

(c)  Bifurcation  of  connected  sets  of  solutions  which  possess  nodal 
properties. 

In  §1,  we  will  mainly  aim  at  question  (a)  for  (0.1).  Uhder  the 
following  assumptions: 


<r.1)  r  c  C(  [0,®) ,  ( 0 ,®) )  0  <  r1  <  r(x)  <  r2  <  +»  for  x  e  [0,®). 

(F.1)  F  :  [0,“)  x  R  -*■  [0,®)  is  continuous. 

(F.2)  There  exist  positive  numbers  and  continuous  functions 


«0 

-2/o  < 

:  (0,®)  -►  (0,®) 

which  satisfying  j 

0 

dx  <  +®, 

1,2  such  that 

F{x,y)  >  a-j(x)  Jy  |  1 

for  x  e  [0,®) 

i  ,Oo 

y  >  0  and  F(x,y)  >  u)2(x)|y|  for  x  e-  [O,00)#  y  <  0. 

(F.3)  lim  F(x,y)  =  0  uniformly  on  compact  subsets  of  [0,®). 

|y|-o 

(F.4)  For  fixed  x  e  (0,®),  F(x,y)  is  an  increasing  function  of  y 
if  y  >  0  and  a  decreasing  function  of  y  if  y  <  0. 

We  will  prove 
Theorem  0.4 

Given  X  >  0  and  9  e  [o,  y] ,  there  exists  a  unique  positive 
(resp.  negative)  solution  u  which  satisfies  (0.1).  Moreover, 
u  e  C^[0,«)  H  H ^  [0 ,<*>)  and  u(x)  ♦  0,  u'(x)  *  0  as  x  -►  ®. 

To  obtain  the  existence,  an  approximation  approach  will  be  usedj 
taking  as  approximate  solutions  those  for  the  bounded  interval  case. 
Compared  to  variational  methods,  our  argument  has  the  advantage  that 
(F.5)  F(x,-y)  *  F(x,y)  for  x  c  [0,®),  y  €  R 

need  not  be  assumed.  In  the  variational  argument  used  in  [3] ,  [6]  and 

[8]  the  growth  condition  J  u)”^//<ydx  <  +®  is  used  to  give  a  compact 

0 

imbedding  property.  Here,  we  use  it  to  provide  a  prior  estimates 
which  allow  us  to  pass  to  the  limit  from  approximate  solutions. 
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Uniqueness  will  be  proved  with  the  aid  of  several  useful 
"no notonicity"  properties  for  positive  and  negative  solutions  derived 
from  the  monotonicity  assumption  (F.4).  Also,  in  the  proof  of  the 
existence  result,  "monotonicity"  properties  will  be  used  to  prevent 
the  limit  of  approximate  solutions  from  degenerating  to  the  trivial 
solution. 

In  §2,  a  method  that  pieces  together  alternately  positive  and 
negative  solutions  on  adjacent  Intervals  will  be  used  to  obtain 
solutions  with  a  prescribed  number  of  nodes.  This  idea  originated 
with  Nehari  [15]  for  a  bounded  interval.  The  same  kind  of  technique 
was  generalized  to  an  unbounded  domain  by  Ryder  [16].  Hempel  [17] 
also  used  such  an  approach  on  a  rather  different  class  of  equations 
for  a  bounded  domain.  Our  argument  is  closely  related  to  Hempel* s. 
However,  we  treat  the  problem  for  the  unbounded  domain  case.  Our  main 
result  in  §2  is: 

Theorem  0 . 5 

Assume  (r.1),  (F.1)-(F.4)  and  (F.5)  are  satisfied.  Given  X  >  0 
and  0  €  [O,  -j]  •  Then  for  every  n  >  1,  there  exists  a  solution 
which  satisfies  (0.1),  having  exactly  n  -  1  zeroes  in  (0,«»),  and 
being  positive  (resp.  negative)  in  a  deleted  neighborhood  of  x  *  0. 

In  §3,  with  the  help  of  the  "monotonicity"  properties  of  §1,  we 
use  the  solutions  obtained  in  §2  as  starting  points  and  construct  an 
iteration  scheme  to  get  the  result  of  Theorem  0.5  under  the  weaker 
symmetricity  assumption: 

(F.5)'  There  are  positive  numbers  5  and  X  such  that 
F(x,-y)  ■  F(x,y)  for  x  e  [X,«0  and  (y|  <  6* 


t 


In  §4,  we  consider  the  problem  with  a  special  form  for  the 


nonlinearity 


-u"  =  Xu  -  ^(wfx) Ju|°)u,  0  <  x  <  +» 


(0.6. a) 


u(O)cos0  -  u'(0)sin9  =0,  u  c  L“t0,®)  . 
Assuming  >  pt^,  >  0,  w'{0)  >  0  and 


(0.6.b) 


(w.  1)  —  is  nondecreasing  on  1 0 , <*>)  - 

w 

We  prove  the  uniqueness  of  solutions  having  a  prescribed  number  of 
nodes.  Since  the  problem  Heinz  treated  in  [8]  is  a  special  case  of 
(0.6),  we  solve  a  question  which  was  left  open  in  [8].  Having  this 
uniqueness  result  we  then  show  that  there  are  infinitely  many 
continuous  curves  of  solutions  for  (0.6)  which  are  characterized  by 
their  nodal  properties.  Each  curve  can  be  parametrized  by  the 
corresponding  eigenvalue  parameter  X  and  all  these  curves  bifurcate 
from  (0.0). 

In  §5,  we  give  a  bifurcation  result  which  is  applicable  to  more 
general  nonlinearities.  However,  the  result  is  weaker  than  that  in  §4 
in  that  only  connected  sets  rather  than  curves  of  solutions  will  be 
obtained. 

In  §6,  we  study  radial  solutions  of  (0.2).  Let  p  denote  the 

radial  variable.  The  growth  condition  J  oT^^dx  <  »  in  the  one- 

0 

dimensional  case  will  be  replaced  by  a  parallel  one,  J  pN~  1tu~2^CTdp 

0 

<  +»  here.  If  G(x)  =  u>(p)  for  |x|  *  p,  x  e  RN/  this  is 


equivalent  to  f 


7dx  <  +»  which  has  been  used  in  [3]  and  [8] 


-V>>  '  i.'  /  .■  <-  r 


although  they  considered  general  solutions  rather  than  radial  ones 


However,  looking  for  radial  solutions  allows  us  to  pursue  solutions 
with  nodal  properties.  The  main  new  difficulty  here  is  the  occurrence 
of  a  singularity  in  the  equation  at  the  origin.  We  overcome  this 
difficulty  by  making  an  additional  approximation.  Using  a 
transformation  of  variables  and  results  established  in  previous 
sections,  we  obtain  analogous  results  to  those  in  the  one-dimensional 
case. 


§1.  EXISTENCE  AND  UNIQUENESS  OF  POSITIVE  AND  NEGATIVE  SOLUTIONS 

In  this  section,  we  will  obtain  existence  and  uniqueness  results 
for  positive  and  negative  solutions  for  the  following  problems 


-u"  =  Xr(x)u  -  F(x,u)u,  a  <  x  <  +® 

*a  2 

u(ajcos0  -  u'(a)sin0  =0,  u  £  L  [a,®) 


(1.1. a) 


(1.1. b) 


where  a  >  0  and  0  <  0  <  Throughout  §1-§5,  prime  will  always 

4. 

denote  differentiation  with  respect  to  the  space  variable.  The 
functions  r  and  F  are  assumed  to  satisfy 

(r.1)  r  e  C(  ,  (0,«) ) ,  0  <  <  r(x)  <  r2  <  +®  for  x  e  [0,®). 

(F.1)  F  s  [0,®)  x  R  +  [0,®)  is  continuous. 

(F.2)  There  exist  positive  numbers  and  continuous  functions 

*  -2/a, 

!  [0,®)  +  (0,®)  which  satisfy  J  dx  <  +®,  i  =  1,2, 

0 


such  that  F ( 


x,y )  >  uif(x)  |y  |  for  x  £  [0,®),  y  >  0  and 


F(x,y)  >  w2(x) |y|  for  x  £  [0,®),  y  <  0. 

(F.3)  lim  F(x,y)  =  0  uniformly  on  compact  subsets  of  [0,®). 

IyI-o 

(F.4)  For  fixed  x  £  [0,«),  F(x,y)  is  an  increasing  function  of  y 
if  y  >  0  and  a  decreasing  function  of  y  if  y  <  0. 

By  a  solution  of  (I)a  we  mean  u  £  C2[a,«)  n  H1 [a,®)  which  satisfies 


(1.1). 


Now,  we  state  the  main  existence  result  for  positive  and  negative 


solutions: 


Theorem  1 . 2 


Suppose  (r.1),  (F.1)-(F.4)  are  satisfied.  Given  X  >  0,  a  >  0 
and  0  <  9  <  ~  there  exists  a  positive  (resp.  negative)  solution  u 


which  satisfies  (Ua  and 

lim  u  ( x )  =  0,  lim  u' (x)  =  0  . 

X+<=  X+« 

V 

Remark  1 . 3 


The  existence  result  of  positive  and  negative  solutions  has  been 

obtained  via  different  methods  ([1]-[8]).  However,  they  only  treated 

the  boundary  condition  0=0  in  (1.1. b) .  In  [3],  [6]  and  [8]  the 

authors  imposed  the  minimal  growth  condition  on  the  function 

g(x,y)  =  where  f(x,y)  =  F(x,y)y.  It  is  easy  to  see  if 

dy 

F(x,y)  >  tu(x)  [ y [ ^  and  ~  exists  then,  by  (P.4),  g(x,y)  =  F(x,v)  + 

3y 

y  •  X/ y )  F ( x , y )  >  oj(x)  |y|a.  Also,  they  assumed  an  upper  bound 

dy 

for  g(x,y)  which  we  do  not  need. 

Our  strategy  is  to  approximate  solutions  of  (I)  by  those  of 

-u"  =»  Xr(x)u  -  F(x,u)u  (1.4. a) 


u(a)cos3  -  u'(a)sin9  =  0,  u(b)  =  0  .  (1.4.b) 

Existence  results  for  (1.4)  have  already  been  established  in  the 
literature  (e.g.  (24]).  A  partial  uniqueness  result  is  known  for 
(1.1).  The  more  general  form  we  require  is: 


Theorem  1 . 5 

Suppose  (r.1),  (F.1)  and  (F.4)  are  satisfied.  Let  X  >  0,  a  >  0 
and  0  <  0  <  —  be  fixed.  If  u^,U2  are  two  solutions  of  (I)a  b 
(resp.  (I)a)  such  that  u.j,U2  >  0  or  u^,U2  <  0  on  (a,b)  (resp. 
(a,<*>)),  then 


5  u2  in  [a,b]  (resp.  (a,®))  . 

Since  the  proof  of  Theorem  1.5  will  immediately  follow  from  a 


"aonotonicity"  lemma,  we  postpone  it  till  then 


i.  ■_  .. 
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Remark  1.6 

(a)  For  a  bounded  or  unbounded  domain  with  9=0  this  result 
has  been  obtained  by  several  authors  (e.g.  [  1]  ,  [3] , [4]  ,  [6]  , 
17], [17], [22] ). 

(b)  We  will  let  l/±(A  ,a,b,  0 ,  • )  {resp.  tf±{ A,a,®,9,» ) ) 
represent  the  unique  positive  and  negative  solution  for 
(I)a  ^  (resp.  (I)a)  respectively.  When  some  of  parameters 
A,a,b,9  are  known  or  considered  fixed  they  will  be 
suppressed  in  the  above  notation. 

(c)  If  the  function  F  in  (1.1. a)  is  further  assumed  tc  satisfy 
F(x,-y)  =  F(x,y)  for  x  e  [0,®),  y  e  R,  then  it  is  clear 
that  l/_  =  -l/+. 

To  prove  Theorems  1.2  and  1.5,  we  need  some  preliminaries  which 
including  technical  results,  "monotonicity"  lemmas  and  estimates  of 
solutions  for  (I)a  and  (l)3fjj*  state  a  result  of  Wintner  and 

Hartman  [21]. 

Lemma  1 . 7 

* 

Let  9^  and  92  ke  continuous  functions  on  [a,®)  such  that 
9 j  is  bounded  from  above  and  92  £  L  [a,®).  If  u  is  a  solution  of 
the  differential  equation  u"(x)  +  9^(x)u(x)  «*  92(x)  and  u  e  L  [a,®) 
then  u  c  H^[a,®)  and  u(x)  >  0,  u'(x)  +0  as  x  >  ®. 

Next,  we  prove  two  technical  lemmas. 

Lemma  1.8 

Suppose  9^»92  £  C[a,83  (resp.  [a,®))«  Then  there  are  no 
functions  u,v  e  C2[a,83  (resp.  [a,*))  satisfying 


u(a)v'(a)  -  u'(a)v(a)  <  0 


(1.9) 
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u(8)V (S)-u' (8)v(S)  >  0  (resp.  lim  u( S)v' { 8)-u' ( 8 )v(6 )  >  0)  (1.10) 

8+od 

and  for  x  c  (a, 8)  (resp.  (a,®)) 

v  u  •  v  >  0 

-u"  <  ip^xju  (1*11) 

-v*  >  <p2(x)v  (1.12) 

92  ^  91  *  (1*13) 

Moreover/  at  least  one  of  inequalities  (1.9),  (1.10)  is  strict  or  at 
least  one  of  ( 1. 1 1 )-( 1. 13)  has  strict  inequality  on  a  subinterval  of 
(0/6)  (resp.  (a,®)). 

Proof 

If  u,v  >  0  multiplying  (1.11)  by  -v  and  (1.12)  by  u  and 
adding  together,  we  obtain 

u«v  -  v"u  >  {<p2M  -  <p.j(x))uv  .  (1.14) 

Since  u"v  -  v"u  ■  (u'v  -  v‘u)'  by  integrating  (1.14)  or. 
la, 81*  we  have 

u* (B)v(B)  -  v’(B)u(8)  -  a* (a)v(a)  +  v'(a)u(a) 

B 

>  /  (<p2(x)-91(x)  )uvdx  .  (1.15) 

a 

From  (1.9)  and  (1.10)  we  know  the  left-hand  side  of  (1.15)  is 
nonpositive  and  is  negative  if  at  least  one  of  inequalities  (1.9), 

(1.10)  is  strict.  On  the  other  hand,  the  right-hand  side  of  (1.15)  is 
nonnegative  and  is  positive  if  <p2(x)  >  g^(x)  on  a  subinterval  of 

la, 81*  Finally,  note  that  the  inequality  of  (1.15)  is  strict  if 

(1.11)  or  (1.12)  is  strict  on  a  subinterval  of  (a, 81*  Therefore,  if 
one  of  the  above  cases  occurs,  we  have  a  contradiction  to  (1.15). 
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In  the  case  of  [a,®),  the  proof  is  the  same  except  for  letting 
8  +•  ®  in  (1.15).  The  proof  for  the  case  u,v  <0  is  similar.  We 
omit  it. 

\ 

Corollary  1.16 

5 

Suppose  qj } , 92  «  C[a,Bl  (resp.  [a,®))  and  let  u,v  e  C  [a, 8] 
(resp.  la,®))  such  that  u(a)  =  v(a)  and  u(8)  =  v(3)  (resp. 
lim  u(B)v'(8)  -  u'(8)v(S)  »  0).  If,  for  x  e  (a, 6)  (resp.  (a,®)), 

we  have  (1.11)— (1.13)  and  one  of  them  has  strict  inequality  on  a 
subinterval  of  (a, 8)  (resp.  (a,®)).  Then  neither 
(i)  u(x)  >  v(x)  >  0  for  x  c  [a, 8]  (resp.  [a,®)) 

nor 

(ii)  v(x)  <  u(x)  <  0  for  x  c  la, 8)  (resp.  [a,®)) 

can  occur. 

Proof 

Suppose  (i)  occurs,  then  u' (a)  >  v’ (a)  and  u'(8)  <  v' (8)  in 

the  cas«»  of  la, 83*  hence  (1.9)  and  (1.10)  are  satisfied  and  a 

contradiction  immediately  follows  from  Lemma  1.8.  An  analogous 

argument  takes  care  of  (ii).  We  omit  it. 

Having  these  lemmas  as  consequences,  we  are  going  to  establish 

several  "monotonicity"  properties  of  positive  and  negative  solutions 

for  (I)  .  and  (I)  .  In  the  remainder  of  this  section,  when  the  proof 

a,D  a 

for  the  positive  solutions  is  the  same  as  that  for  the  negative 
solutions  we  will  only  carry  out  the  former. 
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Corollary  1.17 

Let  u  and  v  be  positive  (resp.  negative)  solutions  of  (1.18) 
and  (1.19)  respectively: 

-u"  =  Ar(x)u  -  F(x,u)u  (1.18) 

-v"  =  ys(x)v  -  H(x,v)v  .  (1.19) 

Suppose  the  functions  r.s  and  F,H  satisfy,  respectively,  (r.1)  and 
(F.1),  (F.4).  If 


and 


Ar  <  us 


(1.20) 


F  >  H  (1.21) 

then 

(1)  If  u  and  v  satisfy  (1.4.b),  we  have 

|u(x)|  <  jv(x)|  for  x  e  (a,b)  if  8*0  and  for 

x  e  (a,b)  if  0  <  8  4  ,  (1.22) 

|u'(b)J  4  1 v® (b) |  and  |u’(a)|  4  |v’(a)|-.  (1.23) 

(ii)  If  u  and  v  satisfy  (l.l.b),  we  have 

|u(x)|  4  |v(x)|  for  x  e  (a,«)  if  9*0  and  for 

X  e  [a,<*>)  if  0  <  8  4  ~  ,  (1.24) 

and  |u' (a) |  4  |v’(a)|  .  (1.25) 

Moreover,  if  the  inequality  (1.20)  is  strict  or  F(x,y)  >  H(x,y)  for 
y  +  0  then  inequalities  (1.22)  and  (1.24)  are  strict. 

Remark  1.26 

This  generalize  results  of  Ktlpper  [1]  and  Heinz  [6]  where  they 
treated  the  case  9*0  and  obtained  the  "monotonicity"  of  solutions 
with  respect  to  the  eigenvalue  parameter  A. 
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Proof 

(i)  Suppose  u(t)  >  v(t)  >  0  for  some  t  c  (a,b).  By  the 

continuity  of  u  and  v  and  the  boundary  condition  (1.4.b)  we 
know  there  is  a  subinterval  (a,  3)  of  (a,b)  such  that  either 
1#  u(x)  >  v(x)  >  0  for  x  c  (a, 3)  and 
u(a)  »  v(a),  u(S)  =  v(B) 
or 

2°  a  =  a,  u(x)  >  v(x)  >  0  for  x  e  [a, 3),  u(g)  =  v(g). 
Suppose  first  that  1°  prevails.  Let  <p^(x)  =  Xr(x)  - 
F(x,u(x)),  92 (x)  =  ys{x)  -  H(x,v{x))  for  x  e  [a, 3]*  Then  it 
follows  from  (F.4)  that  F(x,u(x))  >  F(x,v(x))  for  x  e  to, 31* 
Thus,  together  with  that  Xr  <  ys  and  F  >  H,  we  have 

92(*)  >  9i(*)  for  x  e  1 8# 3]  •  (1*27) 

Applying  Corollary  1.16,  we  get  a  contradiction.  Therefore  1° 
is  not  possible. 

Next  suppose  that  2°  holds.  Arguing  like  the  beginning  of 
the  proof  of  Lemma  1.8,  with  the  same  91,92  as  defined  above, 
we  obtain 

u'(S)v(0)  -  v' (0>u(8)  -  u ' (a) v(a)  +  v'(a)u(a) 

8 

•  /  (92(x)  -  91(x))uv  .  (1.28) 

a 

From  (1.4.b),  we  have 

u'(a)v(a)  -  v'la)u(a)  ■  0  (1.29) 

and  it  is  clear  that 

u(S)v,(S)  -  u’fSJvtg)  >  0  . 

Applying  Lemma  1.8,  we  conclude  that  2*  is  also  impossible. 


Therefore  (1.22)  must  be  valid,  and  (1.23)  immediately  follows 
from  (1.22).  Moreover,  if  u(t)  *  v(t)  for  t  e  (a,b)  in  the 
case  8  =  0  and  for  t  e  [a,b)  in  the  case  0  <  6  <  then 
letting  z  -  u  -  v,  we  have  z(t)  =  0  and  z(x)  <  0  for 
x  e  ta,b] .  Thus  z  has  a  maximum  at  t.  However,  from  (1.18) 
and  (1.19) 

z"(t)  *  (F(t,u(t) )  -  H(t,u(t) )  +  ys(t)  -  Xr( t) ]u(t) 
which  is  positive  if  the  inequality  (1.20)  is  strict  or 
F(x,y)  >  H(x,y)  for  y  /  0.  This  contradiction  indicates  the 
inequality  (1.22)  in  this  situation  must  be  strict. 

Suppose  again  that  u(t)  >  v(t)  >  0  for  some  t  e  [a,<®)» 

2 

by  the  boundary  conditions  u,v  e  L  [a,«)  and  Lemma  1.7  we  know 
that  u(x)  >0  and  v(x)  C  as  x  *  +».  Hence  by  the 
continuity  and  boundary  conditions  (l.l.b),  there  is  a 
subinterval  (a, 8)  of  (a,«>)  such  that  either  1*  or  2°  as  in 
(i)  occurs  except  that  now  8  could  be  +». 

In  case  6  is  finite,  the  proof  is  contained  in  (i).  Thus 

we  consider  the  situation  that  8  *  +*•  With  the  same  9^,92 

as  above  and  by  the  same  reasoning  as  shown  in  (1.27),  we  have 

92  >  91  for  x  €  [a,»)  .  (1.30) 

From  Lemma  1.7,  it  is  easy  to  see  that 

lim  u(x)v'(x)  -  u'(x)v(x)  =  0  .  (1.31) 

x+« 

Hence  it  is  clear  that  1*  is  contrary  to  Corollary  1.16. 
Therefore,  we  consider  2*.  From  (l.l.b),  we  get  (1.29).  This 
together  with  (1.30)  and  (1.31)  contrary  to  Lemma  1.8. 
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Therefore  (1.24)  must  hold  and  the  last  assertion  implies 
(1.25).  Finally,  the  same  argument  as  in  (i)  shows  the 
inequality  (1.24)  is  strict  provided  that  the  inequality  (1.20) 
is  strict  or  F(x,y)  >  H(x,y)  for  y  ?  0. 

Proof  of  Theorem  1.5 


Let  u  and  v  be  positive  solutions  for  (I)a  ^  (resp.  (I)a), 
then  it  follows  from  (1.22)  (resp.  (1.24))  that  u  >  v  and  v  >  u. 
Therefore,  u  =  v. 

Corollary  1.32 

Let  u  and  v  be  positive  (resp.  negative)  solutions  of 
equation  (1.1)  and  satisfy,  respectively,  the  boundary  conditions 


either 

(i)  u(a)cos0 1  -  u'(a)sin01  **  0,  u(b)  »  0 

v(a)cos02  -  v*(a)sin02  =  0,  v(b)  *  0 

or 

(ii)  u(a)cos0|  -  u,(a)sin01  =  0,  u  e  L2ta,<») 

v(a)cos02  -  v'(a)sin02  =0,  v  e  L2(a,»)  . 


(1.33) 


(1-34) 


(1.35) 


(1.36) 


Assume  (r.1),  (F.1)  and  (F.4)  are  satisfied.  If  0  4  8-.  <  02  <  r 


|u(x){  <  |v(x)  |  for  x  e  [a,b)  in  case  (i) 


|u(x)|  4  |v(x) J  for  x  «  [a,*)  in  case  (ii) 
Moreover,  if  02  >  01  and  ve  further  assume 
(f.1)  f(x,y)  is  locally  Lipschitt  continuous  in  y 
then  inequalities  (1.37)  and  (1.38)  are  strict. 


(1.37) 


(1.38) 


Proof 


Suppose  u,v  are  positive  solutions  and  u(t)  >  v(t)  >  0 
for  some  t  e  [a,b).  Arguing  as  in  the  beginning  of  the  proof 
of  Corollary  1.17  (i),  we  proceed  to  the  situation  1°  or  2°  as 
in  there.  Let  <p.j(x)  =  Xr(x)  -  F(x,u(x)), 

92(x)  =  Xr(x)  -  F(x,v(x)),  it  follows  from  the  assumption 
(F.4)  that  92  *  Pi  and  hence  1°  violates  Corollary  1.16. 

To  consider  2°,  suppose  first  0  =  91<82<tt.  From 
9^  »  0  and  (1.33),  we  know  u(a)  *  0  and  u' (a)  >  0.  Since 


v(a)  >  0, 


u(a)v'(a)  =  0  4  v(a)u'(a)  . 


If  0  <  <  82  <  ir,  (1.33)  and  (1.34)  are  equivalent  to 


u*  (a) 


cots.  , 


^44  „  cot9  . 

▼(a)  2 


Since  cotfl-j  >  cotS2,  we  get 


u(a)v'(a)  4  v(a)u'(a)  . 


(1.39) 


ttraa,  we  have  (1.39)  in  either  case.  Also,  since 
u(x)  >  v(x)  >  0,  for  x  s  [a, 8)  and  u(S)  "  v(8), 
v'(B)  >  u' ($)•  Hence 

u(8)v’(8)  -  u'(B)v(8)  >  0  . 

But  then  Lemma  1.8  shows  this  is  not  possible  and  hence  u  4  v. 

To  prove  the  final  assertion,  suppose  u(s)  *  v(s)  for  some 
■  e  (a,b).  Then  (1.37)  implies  u'(s)  -  v*(s).  If  (f.U  is 
satisfied,  the  basic  existence-uniqueness  theorem  for  the 
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Initial  value  problem  tells  us  u  =  v  which  is  obviously  absurd 
due  to  their  different  initial  conditions  at  a.  Thus 
V(x)  >  u(x)  for  x  €  (a,b). 

V 

Next/  if  u(a)  =  v(a)  >  0,  then  (1.33),  (1.34)  together 
with  0  <  9i  <  62  <  t  imply  u' (a)  >  v'(a),  however  (1.37) 
tells  us  that  u'(a)  <  v* (a)  which  leads  a  contradiction. 
Finally,  if  u(a)=v(a)=0  it  follows  from  62  >  0  that 
v'(a)  =0.  Then  v  =  0  via  (f.1),  contrary  to  hypothesis. 

(ii)  The  proof  is  the  same  as  in  (i)  except  for  handling  the  case 

B  *>  +<*>.  This  is  easily  carried  out,  using  Lemma  1.7,  as  in  the 

proof  of  Corollary  1.17  (ii). 

Before  continuing  giving  more  "monotonicity"  properties  of 
solutions,  we  quote  a  known  existence  result  for  (1.4).  Let 
Ujj  »  un(a,b,0),  (n  »  1,2,3,...)  be  the  n-th  eigenvalue  of 

-v"  ■  lr(x)v,  a  <  x  <  b  (1.40. a) 

v(a)cps9  -  v'(a)sin8  =  0,  v(b)  =■>  0  ,  (1.40.b) 

the  linearized  equation  of  (1)^^  linearized  about  the  trivial 
solution  u  =  0.  It  is  well-known  (see  [27])  that 

0  <  Ui  <  V2  <  <  Un  <  ***  '  (1.41. a) 

lim  pn(a,b,9)  =*  +•  ,  (1.41.b) 

the  functions  un  are  continuous  in  a,  b  and  9,  and  for  fixed 
a  and  8,  the  pn  are  decreasing  functions  of  b  such  that 
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lim  yn(a,b,8)  =  0  .  (1.41. d) 

b+“ 

Moreover/  if  a  and  b  are  fixed,  yn  are  decreasing  functions  of 
0  for  0  <  0  <  ' 

Remark  1.42 

We  use  the  notation  yn(a,b)  when  9  is  known  or  considered 
fixed  and  simply  write  yn  if  a,  b  and  9  all  are  fixed. 

We  denote  by  S*  (resp.  sa,b,n^*'9^  the  sets  of 

u  e  C’ta,b]  such  that  u  satisfies  (1.4),  u  >  0  (resp.  <  0)  in  a 
deleted  neighborhood  of  x  *  a,  u  has  exactly  n  -  1  simple  zeroes 
in  (a,b)  where  X  >  0,  0  <  9  <  y  and  n  >  1  is  an  integer. 
Proposition  1.43 

Suppose  (r.1),  (F.1)-(F.3)  are  satisfied.  Let  0  4  9  <  be 

fixed 


(i) 

If  X  4  U! 

and 

u  is 

a  solution 

of 

(I)a,b  then  u  =  0. 

(ii) 

If  X  <  un 

and 

u  is 

a  solution 

of 

(I)a,b  then 

«  *  Sa,b,n 

(X,9). 

(iii) 

For  any  X 

>  “n' 

and 

Sl. b,n<*'®>  * 

Remark  1.44 

Proposition  1.43  is  actually  a  special  case  of  a  more  general 
result  in  125]  and  (F.2)  can  be  replaced  by  any  assumption  which 
insures  that  F(x,y)  +  <■  as  |y|  ♦  +•• 

Corollary  1.45 

Suppose  (r.1),  (F.1)-(F.4)  are  satisfied 
(i)  Let  0  4  9  <  ■-  be  fixed  in  (l.l.b)  and  (1.4.b).  If 
X  >  y^(a,b,9)  and  b  <  <  +•  then  for  x  c  (a,b) 
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|  V+  ( X / a / b / x )  j  4  1 1^+  (  X i a » b ^  / x )  |  •  ( 1  >46 ) 

If  0  <  0  4  ,  (1.46)  holds  for  x  e  (a,b).  If  0  <  0  <  — 

2  2 

|Vj(X,a,b,a)|  <  |l';(X,a,bva)|  .  (1.47) 

(ii)  Let  0=0  in  (1.1. b)  and  (1.4.b).  If  X  >  M1(a/b,0)  and 

i  I  <  a  then  for  x  e  [a,b) 

|(/±(X,a,b,x)  |  <  |l/±(X,a1,b,x)  |  (1.48) 

and 

| ^+(X»a ,b,b)  |  4  |l/;(X,avb,b)  |  .  (1.49) 

If  X  >  0  and  a1  <  a  then  for  x  e  [a,®) 

|l/+(X,a,®,x)  |  4  1 1/+  ( X,a  j ,»,x)  (  .  (1.50) 

(iii)  Let  0  <  0  4  be  fixed  in  (l.l.b)  and  (1.4.b)  and 

X  >  Ui(a,b,0).  Let  „  a1  <  a  and  F.j(x,y)  =  F(x,y)/r(x).  If 

for  all  fixed  y  /  0,  F-|(x,y)  is  nondecreasing  in  x,  then 
( 1. 48)— ( 1 . 50)  hold. 

(iv)  Let  0=0  in  (l.l.b),  (1.4.b).  If  X  >  y.j(a,b,0)  and  aj  < 

a<b<bj4+=  then  for  x  e  [a,b] 

|  l/±(X,a,b,x)  |  4  |  V±(X,avbvx)  |  .  (1.51) 


(v)  Let  0  <  0  4  -j  be  fixed  in  (l.l.b),  (1.4.b).  Suppose  for  fixed 
y  jK  0,  F^(x,y)  is  nondecreasing  in  x.  If  X  >  jj-j(a,b,0)  and 
a^  <  a  <  b  <  bj  4  +»,  then  for  x  e  [a,b]  (1.51)  holds. 

Moreover,  if  (f.1)  is  further  assumed,  all  inequalities  ( 1.46)— ( 1.51) 
except  for  the  inequality  (1.50)  of  (iii)  in  the  case  0  =  -j  are 
strict.  The  exceptional  one  is  also  strict  provided  that  in  addition 

*F1  3F1 

to  assuming  (f.1),  — —  >  0  and  — —  >  0  for  y  0  are  also 


satisfied 
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Remark  1.52 

In  this  corollary,  we  suppress  the  dependence  on  9  from  our 

notation  V  +  . 

—  \ 

Proof 

(i)  Put  u  »  y+(A,a,b,*)  and  v  =  ^+( A,a,b^ ,  • ) .  Suppose 

u(t)  >  v{t)  for  some  t  c  (a,b).  By  the  continuity  of  u,v 
the  positivity  of  u,v  and  the  boundary  conditions  u(b)  =  0 
we  proceed  to  the  situation  1®  and  2®  as  in  Corollary  1.17  (i). 
With  9-j(x)  *  Ar(x)  -  F(x,u(x) )  and  92(x)  =  “  F(x,v(x)) 

the  same  proof  as  in  there  shows  both  1®  and  2®  are  impossible. 
Thus  (1.46)  holds  and  hence  (1.47)  follows. 

(ii)  Set  u  =V+(x,a,b,»)  and  v  =  l^+(  A, a.,  ,b,  • ) .  Suppose 

u(t)  >  v(t)  for  some  t  e  (a,b).  Then  the  boundary  conditions 
u(a)  *  u(b)  -  0  together  with  the  positivity  and  continuity  of 
u,v  imply  the  situation  1®  as  above  must  occur  which  is 
contrary  to  Corollary  1.16.  Thus  (1.48)  holds  and  (1.49) 
consequently  follows.  Since  the  proof  of  (1.50)  is  the  same  as 
above,  except  for  treating  boundary  conditions  at  infinity, 
which  has  been  done  before,  we  skip  it. 

(iii)  Let  u  -  V+(A,a,b,*),  v  -  V+( A,ai»b,.).  It  is  known  (see 
e.g.  [24],  Chap.  4)  that  v  can  not  have  a  double  zero,  that 
is,  we  have  v^(x)  +  v'^(x)  f  0.  Hence  the  PrUfer  substitution 
([40],  Chap.  10)  can  be  made  as  follows.  Define  p(x)  ■  v  (x) 

♦  v'^(x),  t(x)  *  arctan(— ,  then  v(x)  -  p(x)sinr(x). 
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v’(x)  =  p(x)cosx(x),  T(a^ )  =  0  and 

*  [Xr(x)  -  F(x,v{x)  )] sin2T(x)  +cos2t(x) 
It  is  easy  to  see  that 

If  x ( t )  e  [o,  j)  U  (J,  it]  and  F1(t«v(t))  <  X, 

or  t(t)  =  ~  and  F.,(t,v(t))  <  X.  then  >  o 


(1.53. a) 


2  ~1"' . .  . .  dx 

Also,  since  v(x)  is  a  positive  solution,  x(t)  e  (0,it)  for 
t  e  (a^,b).  We  claim 

If  Fj (t,v( t) )  >  X  then  T(t)  k  [o,  j]  •  (1.53.b) 

If  Ft(t,v(t))  >  X  then  r(t)  k  [o,  J)  .  (1.53.c) 

Indeed,  by  (1.1. a)  F.,(t,v{t))  >  X  implies  v"(t)  >  0.  Suppose 
f(t)  e  [o,  <|-]  then  v' (t)  >  0.  Hence  v'  (x)  >  0  for  x  e  (t,t  +  e) 

with  some  e  >  0.  Since  v(t)  >  0,  v(x)  >  v(t)  >  0  for 

x  €  (t,t  +  e].  Suppose  there  is  an  Cq  >  0  such  that 

e0  *  sup{e|v'(x)  >  0  for  x  e  (t.t  +  e)}  • 

Then,  since  F^(x,y)  is  nondecreasing  in  x  and,  by  (F.4),  is 
increasing  in  y,  F^t  +  e0,v(t  +  eQ))  >  F(t,v(t))  >  X.  Hence  by  the 
same  reasoning  as  above  there  exists  a  5  >  0  such  that  v* (x)  >  0 
for  x  €  tt  +  c q , t  +  £0  +  5)  which  is  contrary  to  the  definition  of 

Cq.  Therefore  v(x)  >  0  and  is  increasing  for  x  >  t.  But  this  is 

contrary  to  v(b)  =*  0.  Thus,  we  have  (1.53.b).  Also,  the  same  proof 
except  for  replacing  v"(t)  >0  by  v"(t)  >  0  and  v' (t)  >0  by 
v'(t)  >  0  yields  (1.53.c). 

How,  suppose  u(t^)  >  v(tj)  for  some  tj  c  (a,b).  Arguing  like 
the  beginning  of  the  proof  of  (i),  we  face  situation  1*  or  2*  as  in 
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(i).  Now,  1®  is  not  possible  as  before.  To  handle  2°,  i.e.  there 

exists  a  3  <  b  such  that  u(x)  >  v(x)  >  0  for  x  e  [a,0)  and 

u(8)  =  v(8).  Note  that  (1.53. a)  and  (1.53.c)  imply 

if  T(t)  e  [0,  then  —  >  0  .  ( 1 . 54. a ) 

Hence,  if  0  e  ( 0 ,  -j)  this  implies  t(a)  >  8.  So  2°  is  contrary  to 

(1.37).  It  remains  to  show  the  case  of  9  =  -j.  In  this  case,  since 

9  *  if  T(a)  >  “  by  (1.37'.  u(a)  <  v(a)  which  violates  the 

assumption  of  2°.  Hence,  r(a)  <  and  v’(a)  >  0.  Let 

s  *  Inf{a|v'(x)  >  0  for  x  e  (a, a]}  . 

Since  v'  (a^)  =  0,  s  >  a^.  Clearly  v' (s)  =  0.  If  v"(x)  <  0  for 

x  e  (s,a),  v’ (a)  <  0  which  is  absurd.  Therefore  there  exists  an 

a1  €  (s,a)  such  that  v"(ai)  >  0.  3y  (1.1. c),  F1(a1,v(a1))  >  X. 

However,  since  by  the  definition  of  s,  v' (a)  >  0  and  x(a)  e  [0,  y) 

which  is  contrary  to  (1.53.b).  Therefore  2°  is  also  impossible  when 

9  »  -j*  So  we  obtain  (1.48)  for  9  c  (O',  "•]  and  consequently  (1.49). 

To  prove  (1.50)  let  u  »  (/+(X,a,®,  0) ,  v  =  V+(X.a^,«,0).  We  first 

note  that  (1.53. a)  and  (1.53.b)  are  still  valid.  The  only  difference 

in  the  proof  of  (1.53.b)  is  to  replace  v(b)  «  0  by  lim  v(x)  =  0. 

x+® 

We  omit  the  proof  for  the  same  reason  as  mentioned  in  (ii). 

(iv)  and  (v)  immediately  follow  from  (1.46),  (1.48)  in  (ii)  and 
in  (iii)  respectively. 

If  (f.1)  is  satisfied  and  the  equality  occurs,  by  the  uniqueness 
result  for  the  initial  value  problem  u  3  v.  In  (i),  this  implies 
v(b)  ■  0.  Since  v  >  0  in  [a,b^J,  v'(b)  •*  0.  But  v  cannot  have  a 


double  zero.  Thus  the  inequalities  (1.46)  and  (1.47)  must  be 


strict.  Similarly  u  =  v  cannot  occur  in  (ii),  (iv)  and  (v).  To 
consider  (iii).  If  6  e  (0,  -j) ,  as  we  mentioned  before  by  (1.54. a), 
T(a)  >  8.  Hence,  from  Corollary  1.32,  u(a)  <  v(a).  So  u  =  v  is 
not  possible.  The  remaining  case  is  8  =  Again,  let 
v  =  V+( X,a 1 ,b, •  ) .  We  claim 

if  b  <  +»  and  r(t)  =  ~  for  t  e  [a^,b) 


then  (X,v(t)  <  X  . 


(1.54.b) 


Indeed,  pick  a  bj  >  b  and  put  =  V+(X,t ,bj , • ) .  By  (i),  we  have 

v^(t)  >  v(t).  Thus,  if  F^X/Vft)  )  >  X,  by  (F.4), 

F^(X,v^(t))  >  X.  This  together  with  v$(t)  =  0  contradicts 
(1.S3.b).  Now  if  u  =  l^+(X ,a,b,  • ) ,  for  b  <  +<*>,  and  u  =  v,  then 

v'ta^)  =  v'(a)  =  0.  By  (1.54.b)  and  (1.1. a),  v"(a1)  <  0  and 

v"(a)  <  0.  Hence,  there  exists  an  z  >  0  such  that  v’(x)  <  0  for 
x  e  (a^,a.j  +  e)  and  v'  (x)  >  0  for  x  e  (a  -  e,a).  This  implies 
v  has  a  minimum  at  some  point  B  e  (a^,a).  Thus  v'(S)  =  0  and 
v"(B)  >  0  i.e.  t ( S )  ^  ~  and  F.j(8,v(8))  >  X  v  ich  is  contrary  to 
(1.54.b).  Therefore  inequalities  (1.48)  and  (1.49)  must  be  strict 
even  for  the  case  0  =  -j. 

To  show  the  last  assertion,  let  u  =  ^+( X,a,«,  • )  and 
v  “  l/+( X,a1 ,«,  • ).  Suppose  u  =  v  then  v’(a)  **  v’  (a^)  *  0. 
Obviously,  if  v"(a)  >  0,  by  (1.1. a)  F-jfa/Vfa))  >  X  which  is 
contrary  to  (1.53.b).  Suppose  v"(a)  <  0,  then  v’ (x)  >  0  for 
x  c  (a  -  e,a)  with  some  e  >  0.  Let 

z  ■  Inf{a|v'(x)  >  0  for  x  e  (a»a)}  . 


Obviously,  z  >  a ■, .  On  the  other  hand,  v(x)  <  v(a)  for  x  e  [a, a) 
3F.  3F. 


1  °  1 

Since  >  0  and  by  (F.4),  >  0,  we  have  Fj(x,v(x))  < 


F1(a,v(a))  for  x  c  (a, a).  By  (1.1. a),  F.(a,v(a))  <  X.  Hence,  for 


x  €  [a, a),  F.(x,v(x))  <  X  and  by  (1.1. a),  v"(x)  <  0.  This  togethei 


with  v' (a)  =  0  implies  v' (z)  >  0  which  contradicts  the  definition 


of  z.  Thus  v**(a)  <0  is  not  possible  and  it  remains  that 


v"(a)  =  0.  By  (1.1. a),  Fj(a,v(a))  =  X.  Define  the  function  L  by 


1 

Fj(x,L(x))  =  X.  Clearly,  the  assumption  ■  ■  >  0  implies  L(x)  is 


well-defined.  It  is  also  easy  to  check  by  implicit  function  theorem 


that  L'(x) 


3F  3f 

(x,L(x))/-^-  (x,L(x)).  Since  L'(a)  <  0  *  v'  (a) 


and  L(a)  =»  v(a),  L(x)  >  v(x)  for  x  e  (a  -  e,a)  with  some  e  >  0. 


This  implies  F.(x,v(x))  <  X  and  by  (l.l.a),  v"(x)  <  0  for  such  x. 


Hence  v* (x)  <  0  for  those  x.  Then  arguing  like  the  case 


v"(a)  <  0,  we  obtain  a  contradiction  again.  This  completes  the  proof. 


Remark  1.55 


(a)  (1.53. c)  and  (l.l.a)  imply  t,^(X,a,b,9,a)  <  0  for  b  <  +»  and 

0  €  (O,  •— )  provided  that  (r.  1),  (F.1),  (F.3)  and  (F.4)  are 


satisfied  and  F^(x,y)  is  nondecreasing  in  x.  Also  note  that 


the  proof  of  (1.53.c)  does  not  need  the  assumption  (F.2). 


However,  it  ensures  the  existence  of  V+( X,a,b, 0, • ) . 


(b)  If  (r.1),  (F. 1)— (F.4)  and  (f.1)  are  satisfied  (1.54.b)  and 


(l.l.a)  imply  l/^(X,a,b,  •r,  a)  <  0  for  b  <  +<».  Moreover, 


(F.2)  can  be  replaced  by  an  assumption  which  ensures  the 


existence  of  t/+(X,a,b<|,  •?■,  •)  for  some  bj  e  (b,»). 


B 


V.  WAV 


From  Corollaries  1.32  and  1.45,  we  have  an  immediate  consequence: 
Corollary  1.56 

Assume  (r.  1 ) ,  (F.1)-(F.4)  are  satisfied.  Let  X  >  0,  a  >  0 
and  0  c  [O,  rj-]  be  fixed.  If  u  is  a  solution  of  (I)a,  then 
^..(A,a,®,0,x)  <  u(x)  <  t/+( A, a, », 0 ,x)  for  x  c  [a,«). 

Proof 


If  u  =  0,  there  is  nothing  to  prove.  Suppose  u  i  0.  Let 
be  i-th  zero  of  u  in  (a,®),  i  =  1,2,...  .  Note  that  if  u  has 
infinitely  many  zeroes  in  (a,®),  (1.41.c)  together  with  Proposition 

1.43  (i)  shows  that  {z^}  cannot  have  an  accumulated  point  in  (a,®). 
Since  on  each  interval  l*i/Zi+1],  u(x)  =  (/+( X.z^,  zi+1 , 0,x)  or 
y_(A,2^,z^+i,0,x).  Also,  on  the  interval  [a,z.j],  u(x)  = 
l,+  (A,a,z-j,0,x)  or  l^_(A,a,Zf,0,x) .  By  Corollary  1.45  we  know 

l/.(  A,a,®,0,x)  4  l/±(A,zi,zi+1,0,x)  <  l/+(  A, a,®,  0 ,x) ,  x  e  [z^,z2] 


^ ( A,a,®,0,x)  4  (A,a,z^, 0,x)  4  ^^(A,a,®,0,x),  x  c  [  a  ,  z  ^  ]  . 

Since,  by  Corollary  1.32, 

^.(A,a,®,0,»)  4  V±( A,a,«,0, • )  <  V+( A,a,®,0,» ) 


for  0  €  [0,  ~],  we  complete  the  proof  if  u  has  infinitely 


many 


zeroes.  Suppose  u  has  only  finitely  many  zeroes,  say  f.  Then,  on 
the  interval  [z^,®),  u(x)  ®  V+( A, z^,®, 0 ,x)  or  V_( A,  z^,®, 0,x) .  By 
Corollary  1.45, 

V_(A,a,®,0,x)  <  l'±(A,z£,®,0,x)  4  ^+(  A,a,®,  0,x) ,  x  c  [z^.®)  • 
Thus,  together  with  the  above  inequalities,  the  result  follows. 


*j«VvY.V 
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Having  established  these  uniqueness  and  "monotonicity 
properties,  we  are  going  to  obtain  several  upper  bounds  for  u  and 
u'  in  terms  of  X,  r2  and  bounds  involving  and  <*>2* 

Lemma  1.57 

Suppose  (r.1),  (F.1)  and  (F.2)  are  satisfied.  Let  X  >  0  and 
0  <  0  <  be  fixed.  Let  u  be  a  solution  of  (I)a  Then,  for 


any  0  <  a  <  b  <  +«, 


I  -  <  K  (X,a,b)  <  K1 ( X,a) 

L  [a,b] 


»  2  <  K  (X,a,b)  <  K2(X,a) 

L  [a,b] 


L  [a,b] 


L  [a,b] 


<  K3(X,a,b)  <  K3(X,a) 


<  K4(X,a,b)  <  K4(X,a) 


(1.58. a) 


(1.58.b) 


(1.58.C) 


(1*58. d) 


where 


.  1  /o.  b  — 2/rr. 

K  (X,a,b)  -  l  (Xr  )  i(J  u,  ^x)172 

®  a  .  a  “  _ 


~  1/2~ 
K2(X,a,b)  -  (Xr2)  '  ^ 


K3(X,a,b)  -  (2K1  *  K2)1/2 


A*  ^  /  2~ 

K4(X,a,b)  -  (Xr2)'/<CK3 


K±(X,a)  -  lim  K^(X,a,b) ,  1  <  i  <  4 


(1*59) 


Proof 


Suppose  first  u  is  a  positive  solution  of  (I)a,b’  Multiplying 


(1.4. a)  by  u  and  integrating  it  by  parts  we  have 


u’(a)u(a)  -  u’(b)u(b)  +  f  u,2dx  +  J  F(x,u)u2dx  =  X  J  r(x)u2dx  . 


In  view  of  the  boundary  conditions  in  (1.4.b),  we  know  u(b)  =  0  and 

u' (a)u(a)  >  0  . 


Bence 


b  b 

f  n  1  4.  f 


j  u,zdx  +  J  F(x,u)uzdx  <  X  /  r(x)uzdx 


(1.60) 


By  assumptions  (F.2)  and  (r.1)/  this  leads  to 


r  i  i°1+2  ,  o 

J  <i},|u|  dx  <  Xr2  J  u  <ix  . 


(1.61) 


,  -2/(<r,+2) 

Next,  writing  u  as  the  product  of  u,  and 

.  0,4-2  2/ (0,4-2) 

(ai,|u|  )  and  applying  Holder's  inequality,  we  obtain 

b  2  o1/(o1+2)  b  . a, +2  2/(a,+2) 

/  u2  <  c  1  1  (J  u,|u|  1  )  1  (1.62) 

a  a 

,b  -2/o, 

where  c  *  J  w,  dx.  Combining  this  with  (1.61)  yields 

a 

b  2  2)  ,b  2  2/(o,+2) 

J  u2dx  <  c  (Xr2  J  u2dx) 


Consequently,  we  get 


b  2  2/o,  b  -2/a, 

/  uzdx  <  (Xr2)  f  us,  1dx 


(1.63) 


Going  back  to  (1.60)  and  applying  the  assumption  (r.1)  again  we  have 


f  u,2dx  <  Xr2  f  u2dx 


y./.vsv 


Thus,  with  the  help  of  (1.63),  this  implies 

,b  .2  .  (2+<J1)/(J1  b  -2/c1 

f  u,2dx  <  (Xr2)  J  'dx  . 

a  a 

Likewise,  the  same  proof  shows  that  if  u  is  a  negative  solution 
of  (I)a,b  then 


b 

f  u2dx  < 

a 


<Xr2) 


2/oz 


b 

f 


a 


-2/o2 

to  2  dx 


and 

(b  /”  . 

a  a 

To  obtain  estimates  (1.58. a)  and  (1.58.b)  for  solutions  in  an 
arbitrary  nodal  class,  we  assume  u  has  interior  zeroes  at 
Zl,z2,...,zm,  a  >  1.  The  restriction  of  u  to  each  interval  of 
[a,z.g] ,  [z1,z2] ,...,  [z^b]  is  either  positive  or  negative.  Hence 
(1.58. a)  and  (1.58.b)  hold  for  u  on  each  interval  with  the 
corresponding  end-points.  Summing  up  these  estimates  completes  the 
proof  of  (1.58. a)  and  (1.58.b). 

To  prove  (1.58.c),  it  is  easy  to  see  that 

b 

u2(x)  “  -  J  2uu'dt 

X 

for  x  €  [a,b].  Applying  Schwartz  inequality,  we  obtain 

b  b 

u2(x)  <  2 (J  u2dt)1/2(/  u,2dt)1/2 

X  X 

<  2 (/  U2dt)1/2(J  U,2dt)1/2  . 

a  a 


This  together  with  (1.58. a)  and  (1.58.b)  leads  to  (1.58.c) 


[#] 


Finally,  we  need  the  following  lemma  to  prove  (1.58.d) 


Lemma  1.64 


Suppose  (r.1)  and  (F.1)  are  satisfied.  Let  X  >  0  and  u  be  a 

solution  of  (Da  b  (resp.  (I)a)  then 

lu'l  ^  <  /Xr  Hull  ^  (resp.  lu'll 

L^Ca/b]  L“[a,b]  L^ta,®) 


<  /Xr.  lull  )  . 

L°*ta,<») 


(1.65) 


Assuming  the  lemma,  (1.58.d)  easily  follows  from  (1.58.c).  Now, 
we  prove  the  lemma. 

Proof 

If  u  =  0,  (1.65)  is  clearly  satisfied.  To  consider  nontrivial 

solutions  we  put  R(x)  *  X(r2  +  6)u2(x)  +  u,2(x)  with  5  >  0.  Then 
it  follows,  with  the  aid  of  equation  (1.1. a)  that 

R'(x)  =  2[F(x,u(x) )  +  X(r2  +  5  -  r(x) ) ]u(x)u' (x)  . 

From  the  assumption  (F.1),  we  know  F(x,u(x) )  >  0.  Also  note  that 
r2  +  6  -  r(x)  >  0.  Thus  R' (x)  has  the  same  sign  as  that  of 
u(x)u* (x) . 

Since  it  is  easy  to  see  that  if  u(t)  *  0  there  exists  an  e  >  0 


such  that 


u(x)u'(x)  >  0  for  t  <  x  <  t  +  e  , 


u(x)u'(x)  <  0  for  t  -  e  <  x  <  t 


and  hence 


R'(x)  >  0  for  t  <  x  <  t  +  c 


R* (x)  <  0  for  t  -  e  <  x  <  t 


Therefore  R  cannot  attain  its  maximum  at  interior  zeroes  of  u  as 
well  as  at  b  in  the  case  of  (I)a 

At  the  point  a,  if  0=0  i.e.  u(a)  =  0  the  same  reasoning 

V 

as  above  shows  R(a)  is  not  a  maximum  of  R(x)  either.  Next,  for 

0  <  9  <  -j,  u'(a)  and  u(a)  have  the  same  sign.  Thus,  R'(a)  >  0 

which  again  implies  R(a)  is  not  a  maximum  of  R(x).  Finally,  in  the 

case  of  (I)_,  it  follows  from  Lemma  1.7  that 

lim  R(x)  =  0  . 
x+« 

2  2 

However,  R(a)  =  A(r,  +  6)u  (a)  +  u*  (a)  >  0.  Thus  in  all  cases 


((I)a,b  and  (I,a'  311  flx“d  9'  0  <  9  <  f > 


we  conclude  that  R  must 


attain  its  maximum  at  a  point  t  at  which  R* (t)  =  0  and  u' (t)  =  0. 
Therefore 

lu'l  <  l/RS  «  /R(t)  *  /A (r_+6 )  |u(t)  |  <  /xTr_+5  )  Bull  .  (1.66) 


Since  (1.66)  holds  for  every  5  >  0,  we  get  (1.65) 


Proof  of  Theorem  1.2 


Let  b. 


n  and  Uy,  =  l/+(  A,a,bn,  0 ,  • ) ,  n  »  1,2,3, 


c  ■  K^tX.a)  +  K4(X,a).  Then,  for  n  >  1,  Lemma  1.57  implies 


|Un*  , 

c  (a,b  ] 
n 


<  c  . 


(1.67) 


Let  Cj(n) 


Max  |f(x,y)|,  it  follows  from  equation  (1.1. a)  that 


xe[a,b ] 
n 

y«(0,c] 


<  Xr9c  +  c«(n) 


(1.68) 


L  [a,b  ] 
n 


for  all  i  >  n. 


The  bounds  (1.67)  and  (1.68),  the  Arzela-Ascoli  theorem  and 


(1.1. a)  imply  that  there  exists  a  subsequence 
u  «  c2(a,®)  such  that 


'V 


and  a 


2 

£ 

u_  - ►  u  uniformly  on  compact  subsets  of  (a,®)  . 

nk 


(1.69) 


Also,  note  that  uJ1(a)cos0  -  u^(a)sinQ  =  0  for  all  n.  This  implies 
u(a)cos6  -  u’(a)sin9  =  0.  The  "monotonicity"  result  (1.46)  tells  us 
un+1(X)  >  u^x)  for  x  €  [a,bn].  Hence  u(x)  >  0  for  x  e  (a,®). 

To  show  u  £  H^a,®}  put 


Vk(x)  =\ 


u_  (x)  if  a  4  x  4  b_ 
nk  nk 


0  if  x  >  b_ 
nk 


Pick  an  M  >  0,  by  Lemma  1.57,  we  have 

M 

/  v 2  +  v£2dx  4  K2  +  K2 


for  all  k.  Invoking  (1.69)  we  get 

M 

f  u2  +  U,2dx  4  K2  +  K2  .  (1.70) 

a 

Since  (1.70)  is  true  for  all  M  >  a,  we  conclude  u  e  H^ta,®). 

Remark  1.71 

The  "monotonicity*  result  (1.46)  indicates  that  not  only  a 
subsequence  {u^  }  but  the  whole  sequence  {u^}  converges  to  u. 
Corollary  1.72 

Assume  (r.1),  (F.1)  and  (F.2)  are  satisfied.  If  u  is  a 
solution  of  (I),  then 

a 


lul  -  <  K. ( X,a )  , 

I«  (a,® ) 


<  K?(X,a)  , 


L  [a,-) 


L  [a,®} 


L"Ca,«) 


<  K3(X,a)  , 


<  *4(X,a)  . 


Proof 


From  Lemma  1.7  we  k now 


lim  u(x)  *  0 


(1.73. a) 


(1.73.b) 


(1.73.C) 


(1.73.d) 


lim  u*(x)  =  0 


With  this  replacing  the  boundary  condition  u(b)  =  0,  the  rest  of  the 
proof  can  be  easily  carried  out  by  the  same  argument  as  in  Lemma  1.57. 
We  omit  it. 

Remark  1.74 

(a)  In  the  proof  of  Corollary  1.72,  the  solution  u  may  have 


infinitely  many  zeroes  in  [a,®).  However,  this  does  not  affect 
in  the  proof  and  implies  that  any  solution  of  equation  (1.1. a) 
satisfying  the  boundary  conditions  u(a)ccs8  -  u'(a)sin0  =  0, 

0  <  0  <  -j,  and  having  infinitely  many  zerces,  automatically 
belongs  L^[a,»),  provided  that  (r.1),  (F.1),  (F.2)  are  assumed, 
(fc)  An  example  of  solutions  having  Infinitely  many  zeroes  was  given 
by  Heinz  [8],  where  he  also  gave  a  sufficient  condition  which 
prohibits  the  existence  of  such  solutions. 
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(c)  K^(A,a),  1  <  i  <  4,  are  continuous  functions  of  a  and  A. 

For  fixed  a  >  0 

v  lim  A,a )  =  0  .  (1.75. a) 

A+0 

If  A  >  0  is  fixed,  then 

lim  KA(A,a)  =  0  .  (1.75.b) 

a-v® 

Before  completing  this  section  we  are  going  to  discuss  the 
continuous  dependence  of  positive  and  negative  solutions  on  parameters 
and  domains. 

Proposition  1.76 

Assume  (r.1),  (F.1),  (F.2),  (F.3)  and  (F.4)  are  satisfied.  Let 

0  <  6  <  ~  be  fixed.  Let  A>0,  0  <  a  <  b  <  +<»  and  UAk,ak,bk)} 

be  a  sequence  such  that  lim  ( *k'ak'bjc)  *  (A,a,b),  where  could 

}?♦<*> 

be  if  b  *  +«• 

(i)  If  b  <  +<*>  and  A  <  u^(a,b)  then 

lim  u+(Ak,ak,bk,x)  =  0 
k>® 

and 

lim  u±( Ak,ak,bk,x)  =  0 
k>® 

uniformly  for  x  e  (a,b]. 

(ii)  If  either  b  <  +«  and  A  >  y^(a,b)  or  b  ■  +»  then 

lim  u+{ A^.a^jb^.x)  -  u+(A»a,b,x) 

k+« 

and 

lim  ul(Ak,a.  ,bk,x)  »  ui(A,a,b,x) 


for  x  c  [a,b]  or  [a,«)  in  case  that  b  *  +«  and  uniformly 
on  compact  subsets  of  (a,b). 


Proof 


We  only  need  to  prove  uniform  convergence  on  compact  subsets  by 
which,  together  with  the  C^-smoothness  of  the  solutions,  the 
convergence  at  the  end  points  follows. 

Let  Vjj  *  l/+ ( Afc , a^ , b^ ,  •) .  Then  arguments  analogous  to  those  of 
Theorem  1.2  show  that  by  passing  to  a  subsequence  if  necessary,  there 

is  a  function  v(x) 

1 

c 

v^  -  — »  v  uniformly  on  compact  subsets  of  (a.b) 

and  v(x)  is  a  solution  of  (I)a|j,.  Hence,  by  Proposition  1.43  (i) 
v  must  be  the  trivial  solution.  Since  every  subsequence  of  {v^} 
does  so.  We  complete  the  proof  of  (i). 

To  prove  (ii).  Let  vk  be  defined  as  above  and  the  same 
argument  gives  v(x).  Since  v(x)  >0  by  Theorem  1.5,  we  complete 
(ii)  provided  that  v  is  not  the  trivial  solution. 

To  show  that  v  cannot  be  the  trivial  solution,  we  first  treat 
the  case  b  <  +*»,  A  >  p^(a,b).  Suppose  v  is  the  trivial  solution 


1 

c  [a, B] 


-►  0  for  any  compact  subsets  la,0]  of  (a,b)  .  (1.77) 


Put  y^  -  |~v~  (  where  1*1  ”  1*1  1 


.  then  ly.l  . 

c  lVV  c  tak'bk] 


Thus  the  same  argument  as  above  shows  that  by  passing  to  a  subsequence 

if  necessary,  there  is  a  function  y(x)  such  that  lyl  .  “1 

c  [a,b] 
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I 

|  1 

y^  - — »  y  uniformly  on  compact  subsets  of  (a,b)  .  (1.78) 

From  (1.77),  (1.78),  (1.4)  and  the  assumption  (F.3),  we  know  that 

:  tx,y(x) )  is  a  solution  of  (1.40).  Since  y  >  0  and  lyll  ,  .  ,,  =  1, 

C  12/DJ 

!  y(x)  >  0  for  x  c  (a,b).  Thus  X  =  u-j(a,b)  which  is  contrary  to  the 

assumption  X  >  i>^(a,b). 

Next,  in  case  that  b  =  +“,  we  can  pick  a  <  +«  such  that, 
from  (1.41.d),  X  >  y-|(a,Bi)*  By  (1.46)  and  the  result  we  proved 


above,  v  cannot  be  the  trivial  solution 


§2.  EXISTENCE  OF  SOLUTIONS  WITH  A  PRESCRIBED  NUMBER  OF  NODES  WHEN  THE 
NONLINEARITY  IS  ODD 

Now  we  turn  to  the  questions  of  solutions  with  nodes.  Let 

A>0,  a>0,  0<9<-^-  and  n  >  1  be  an  integer.  Let  S*  (X,9) 

2  a  #  n 

(resp.  S"  _(A,0))  denote  the  set  of  u  c  C^[a,®)  D  such 

a/U 

that  u  satisfies  (1.1. a)  and  the  boundary  condition  u(a5cosQ  - 

u' (a)sin0  =  0,  u  >  0  (resp.  <  0)  in  a  deleted  neighborhood  of 

x  »  a,  u  has  exactly  n  -  1  simple  zeroes  in  (a,»).  We  will  show 

the  existence  of  solutions  in  each  nodal  class  S*  (X,0).  We  can  now 

cl0  n 

state  the  main  result  of  this  section. 

Theorem  2.  1 

Assume  (r. 1),  (F.1)-(F.4)  and 
(F.5)  F(x,-y)  =  F(x,y)  for  x  €  [0,-),  y  eR 

are  satisfied.  Let  A  >  0,  a  >  0  and  0  <  6  <  y  be  given,  then 
S*  _(A,0)  and  s“  (0)  are  nonempty  for  all  n  e  N. 

o  0  n  d  /  ii 

Remark  2.2 

The  existence  of  nodal  solutions  has  been  obtained  in  [4]  and 
[6]-[8].  However,  we  generalize  the  result  in  several  directions  as 
mentioned  in  Remark  1.3. 

To  prove  the  theorem,  we  will  generalize  a  result  of  Hempel  for 
bounded  intervals  (Proposition  2.4,  also  see  [17]  or  [18])  to  the 
unbounded  case  and  use  it  to  find  solutions  with  a  prescribed  number 
of  nodes  when  9*0.  Starting  from  a  solution  belonging  to 
sf  _(A,0),  those  "monotonicity"  properties,  which  were  developed  in 

B  /  XI 


- « *  yr*ur» v 


the  previous  section,  allow  us  to  set  up  an  iteration  scheme  to 
construct  a  solution  with  n  -  1  nodes  in  the  case  0  <  6  <  — . 

Let  us  assume  (r.1),  (F.1),  (F.3)  and  (F.4).  Also,  for  0  <  a  < 
b  <  +»,  we  assume  l^  +  (X,a,b,  0,  • )  (resp.  l/_(  A, a  ,b,  0,  •  ) )  exists 
whenever  X  >  y.,{a,b,0).  Define  the  number  A+[a,b]  {resp.  A“[a,b]) 


A+ta,b3  (resp.  A~[a,b])  =  J  [Xr(x)u2(x)  -  (u'(x))2 


where 


u(x) 

-2  f  f(x,y)dy]dx 
0 


0  if  X  <  Ui(a,b, 0) 

(/+(X,a,b,0,*)  (resp.  l(_)  if  X  >  ^(a^O) 


(2. 3. a) 


(2.3.b) 


To  make  the  notation  clear,  let  us  recall  that  and  were 

defined  as  in  Remark  1.6  and  in  (1.41)  respectively.  From  Theorem 
1.5,  we  know  A~[a,b]  are  well-defined.  If  F(x,y)  satisfies  (F.5), 
then  A+U,b]  =  A“[a,b]  due  to  the  fact  that  =  -l/_,  and  we 
simply  use  the  notation  A[a,b].  Also,  for  convenience,  we  adapt  the 
notation  l/+(X,a,b,0,x)  =  0  whenever  X  4  y.j(a,b,0). 

Proposition  2.4  (Hempel  [17] ) 

Assume  (r.1),  (F.1),  (F.3),  (F.4)  and  (F.5)  are  satisfied. 

Suppose  u  =  ^+{X,a,b,0,  •)  exists  if  X  >  jjj(a,b,0).  Then 
A(a,b]  is  a  differentiable  function  of  a  and  b  with  derivatives 


given  by 


44  “  -<u'(a))2 


(2. 5. a) 


and 
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|f  -  (u'(b)  )2  .  (2.5.b) 

3D 

\ 

Remark  2.6 

Hemple  actually  imposed  the  stronger  assumption 
(F.4) *  There  exists  a  e  >  0  such  that  for  fixed  x  >  0,  y“EF(x,y) 
is  a  nondecreasing  function  of  y  if  y  >  0  and  a 
nonincreasing  function  of  y  if  y  <  0 
instead  of  (F.4).  However,  in  view  of  his  proof,  (F.4)  would  be 
sufficient  provided  that  t/+(X,a,b,0, •)  exists  whenever 
X  >  ui(a,b,0).  Also,  it  is  worthwhile  to  mention  that  (F.4)'  insures 
the  existence  of  l/+  due  to  Proposition  1.43  and  Remark  1.44. 
Corollary  2.7 

Assume  (r.1),  (F.1),  (F.3),  (F.4)  are  satisfied.  Suppose 
*  l/+(X,a,b,0,  •)  (resp.  (/_)  exists  if  X  >  ji.j(a,b,0).  Then 
A+[a,b]  (resp.  A“[a,b] )  is  a  differentiable  function  of  a  and  b, 
with  derivatives  given  by 

-  -(l/L(a)  )2  (resp.  =  -<l^(a)2)  (2.8.a) 

do 

and 

If-*  (Vl(b))2  (resp.  |f-  =  (U!(b))2)  •  (2.8.b) 

do  do 

Proof 

Since  their  proofs  are  the  same  only  the  first  proof  will  be 


carried  out.  Let 


F(x,y)  if  y  >  0 


H(x,y)  = 


y)  if  y  <  0 


Then  V+( A,a,b, 0, • )  is  also  the  positive  solution  of 

-u*  =  (Ar(x)  -  H(x,u))u 
u(a)  =  u ( b)  =  0 

and  hence  the  result  easily  follows  from  Proposition  2.4. 

To  generalize  Kempel's  result  to  the  case  of  an  unbounded 
interval/  we  assume  (r.1),  (F.1),  (F.2),  (F.3)  and  (F.4)  and  define 
A+[a,®]  (resp.  A“[a,»3 )  by 

A+[a,«]  (resp.  A“[a,«]) 


®  /  [Xr(x)u2(x)  -  (u'(x))2  -2  f  f(x,y)dy]dx  (2.9) 

a  0 

where  u  =  V+( A,a,b, 0, • )  (resp.  VJ  and  again  we  simply  use  the 
notation  A[a,«]  whenever  (F.5)  is  satisfied.  To  justify  the  (2.9) 
is  well-defined  we  show 
Proposition  2.10 

Suppose  (r.1),  (F.1)-(F.4)  are  satisfied  then 
»  0  <  A±[a,«]  <  +®  * 

To  prove  the  proposition,  we  need  a  few  lemmas. 

Lemma  2.11 

Suppose  (r.1),  (F. 1)-(F.4)  are  satisfied.  Let  X  >  0  and  a  >  0 
be  fixed  then  A±[a,b]  are  nondecreasing  functions  of  b.  Moreover 
(i)  A±(a,b]  -0  if  X  <  u1(a,b,0)  and 
(ii)  A~[a,b]  >0  if  X  >  y j (a,b, 0)  . 


w'.l.' 


.*w  \  %  \  >  l  A,  \  ■- 


Proof 

From  (2. 3.b) ,  A4fa,b]  =0  if  X  <  u-j(a,b).  Applying  Corollary 
2.7,  we  complete  the  proof. 

Lemma  2.12 

Suppose  (r.1),  (F.1),  (F.3)  and  (F.4)  are  satisfied.  Let  u  be 


a  solution  of  (I)a  then 


•  u(x) 

/  /  f (x,y)dydx  <  +« 

0  0 


Proof 


Multiplying  equation  (1.1. a)  by  u  and  integrating  by  parts,  we 


obtain 


b  b 

r  \ /  v  1 1 1 2  j  „  f 


J  Xr(x)u2dx  -  f  f(x,u)udx •  **  u*(a)u(a)  -  u’(b)u(b)  +  J  u,2dx 


Since  0  <  8  <  —  it  follows  from  (l.l.b)  that  u'(a)u(a)  >  0  and 
2 

hence 

b  b  b 

f  f (x,u)udx  <  f  Xr(x)u2dx  -  /  u,2dx  +  u'(b)u(b)  . 

a  a  a 

By  Lemma  1.7,  u  c  H^a,®)  and  u'(b)u(b)  >0  as  b  +®.  Thus, 
there  exists  a  constant  C  (independent  of  b)  such  that 


j  f (x,u)udx  <  C 


Letting  b  +•  ®,  we  get 


j  f (x,u(x) )u(x)dx  <  C 


By  the  assumption  (F.4),  f(x,y)  is  increasing  in  y  if  y  >  0  and 
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decreasing  in  y  if  y  <  0.  Hence 


J  f  f(x,y)dydx  <  f  f (x,u(x) )u(x)dx  <  C  . 

a  0  a 


Lemma  2.13 


Assume  (r.1)/  (F.1)-(F.4)  are  satisfied,  then 

lim  A^ta^b]  =  A±[a,®]  . 
b+» 


Proof 


Let  u  =  V +(X,a,®,0, •).  From  the  proof  of  Theorem  1.2  and  Remark 
1.71,  any  sequence  {uk}  with  uk  =  l/+(  X,a  ,bk,  0,  • )  and  bk  -►  +°»  has 
the  property  that 

1 

— - — ►  u  uniformly  on  compact  subintervals  of  [a,®)  .  (2.14) 

Multiplying  (1.1. a)  by  uk  and  integrating  by  parts,  we  get 
bk  bk 

/  uk2dt  +  /  F(t,uk)ukdt  =  uk(bk)u^(bk) 

X  X 

b 

"  uk(x)uk(x)  +  X  I  r(t)u£dt  . 

a 

Since  uk(bk)  »  0  and  F  >  0  this  leads  to 


bk  ,  "h 

j  u£2dt  *  “  uk(x)uk(x)  +  X  /  r(t)ukdt 


From  (1.46),  we  know  for  x  £  (a,bkl  that 


(2.15) 


Uk(x)  <  u(x) 


By  Lemma  1.57 


4  K, ( X , a )  . 


I*  [a.bjJ 


•T.  s  _  J"  .  y  s  f  y  «“*  y  s' 


% 

I 


I 


»VT|J 


Since  lim  u(x)  ■  0.  Given  e  >  0,  there  exists  an  s  >  a  such  that 

X-MO 

if  X  >  S 


\  |uk(x)u£(x) |  <  e 


uniformly  in  k.  Also,  note  that  (1.46)  and  (r.1)  imply 

bk 

J  Xr(t)u£at  <  Xr2  /  u2dt  . 
x  x 


(2.16) 


Since  u  €  H'[a,«°)  we  have,  for  large  x,  that 


JV 

I  Xr(t)u2dt  <  e  . 


(2.17) 


Since  (2.16)  and  (2.17)  hold  uniformly  in  k,  by  (2.15), 


/  U£2dt  <  2e 


(2.18) 


uniformly  in  k  for  large  x.  Hence  (2.14),  (2.17)  and  (2.18)  imply 


lim  /  Xr(t)u£dt  »  /  Xr(t)u^dt 

k>o»  a  a 


and 


lim  /  u£2dt  =-  /  u’^dt 

k+»  a  a 


Thus  it  remains  to  prove 


b*  V*’ 


»  u(t) 

lim  /  /  f(t,y)dydt  =  /  /  f(t,y)dydt 

k-H»  a  0 


(2.19) 


a  0 


From  (1.46)  and  (F.4)  we  know 


bk  Uk(t) 


/  / 
x  0 


•  u(t) 

f(t,y)dydt  <  /  /  f(t,y)dydt 
x  0 


Given  e  >  0,  by  Lemma  2.12,  there  exists  an  s^  >  a  such  that  if 


?r 

a 

► 
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x  >  s. 


Hence,  if  x  >  s1 


•  u(t) 

j  j  f(t,y)dydt  <  e  . 

x  0 


bk  \(t) 


I  ! 

x  0 


f(t,y)dydt  <  e 

uniform  in  k.  Since  (2.14)  implies 

1 

f (t,y)dydt [  <  e 


"I  u { t )  1 

|/  /  f (t,y)dydt  -  /  / 

a  0  a  0 


for  large  k.  Therefore  (2.19)  follows  from  the  standard  3e 
argument. 

Proof  of  Proposition  2.10 

From  (1.41.d),  we  can  pick  a  b  >  a  such  that  A  >  u1(a,b,0) 
and  hence,  by  Lemma  2.11,  A~la,b]  >  0  and  A±[a,b-j]  >  0  for  all 
b^  >  b.  Therefore,  by  Lemma  2.13,  A“[a,»]  >  0. 

The  assertion  A~[a,®]  <  +°°  follows  from  (2.9).  Theorem  1.2  and 
Lemma  2.12. 

Now,  we  have  an  analogue  of  Hempel's  result. 

Proposition  2.20 

Suppose  (r. 1 ) ,  (F.1)-(F.4)  are  satisfied.  Then  A+[a,«]  (resp. 


A"[a,«])  is  a  differentiable  function  of  a  and 

+  - 

4^-  (resp.  =  -(u’(a))2 

da  da 


(2.21) 


1 


V*™. 


V 

p 

i 

i 

$ 


where  u  ■  V+(A,a,»,0,»)  (resp.  V_). 


Proof 


Since  their  proofs  are  the  same,  only  the  case  A+[a,»]  will  be 
carried  out.  Let  {bn}  C  {a,®)  be  an  increasing  sequence  such  that 


lim  b  =  +•  and  put 
n 

n><» 

9n(x)  =  A+Ix,bn]  for  x  c  [O.b^  . 

Clearly,  by  (2. 3. a), 

9^<x)  -  -(l/j(A,x,bn,0,x)>2 

and  from  Proposition  1.76,  ^  are  continuous  on  [0,b^]«  It  follows 


from  (1.47)  that 


<p£(x>  >  9A+1(x) 


(2. 22. a) 


for  n  -  1,2,3,...  and  for  every  x  e  [0,b1J.  Let 


$(x)  *  -(l/|(A,x,®,0,x)  )2.  By  Proposition  1.76,  lji  is  continuous  ar 


li-n  <p^(x)  *  i}i{x)  . 


(2.22.b) 


It  follows  from  Dini  Theorem  ({26],  Chap.  7),  with  the  aid  of  (2. 22. a) 


and  (2.22.b) ,  that 


♦  iji  uniformly  on  [0,b-j]  .  (2.22.c) 

Put  ?(x)  =  A+tx,®].  Then  an  elementary  theorem  in  Calculus  ([26], 
Chap.  7)  together  with  Lemma  2. 13  and  (2.22.c)  implies 

.  9n  ♦  9  uniformly  on  [0,b^] 


9*(x)  ■  lim  <p^(x)  *  <»(x)  • 


(2.22.d) 


In  particular,  taking  x  *  a,  (2.22.d)  gives  (2.21). 

We  continue  with  the  preliminary  work  needed  for  the  proof  of 
Theorem  2.1. 


Lemma  2.23 


Assume  (r.1),  (F.1)-(F.5)  are  satisfied. 

Let  X  >  0  and  0  <  a  <  b  <  +»  be  fixed.  If  c  c  (a,b)  then 
we  have 

Ata,cJ  +  A£c,b]  <  A£a,b]  .  (2.24) 

Moreover,  if  X  >  pjU^O)  or  X  >  pj(c,b,0)  inequality  (2.27)  is 
strict. 

Proof 

Since  9  =  0  we  suppress  9  from  the  notations,  i.e.  p-j(a,B)  = 
Ui<a,B,0)  and  l/+(X,a,8,x)  =  (/+( X,ct,  3, 0  ,x) .  Also,  for  convenience  we 
adapt  the  notation  that  ^+(X,a,8,x)  =  0  when  X  <  p-|(a,8)* 

If  X  <  uj(a,b),  by  (2.3.b),  A[a,c]  =  A[c,b]  =  A[a,b]  =  0. 

Hence  (2.24)  trivially  hold. 

If  only  one  of  the  inequalities  X  <  u^(a,c),  X  <  Pi(c,b)  is 
satisfied,  say  X  K  y^(a,c),  then  by  (2.3.b),  A[a,c]  =  0.  Hence  it 
follows  from  (2. 5. a)  if  b  <  +•  and  from  (2.21)  if  b  *  +«  that 

b  _ 

A[c,b]  -  /  ( VJ.( X,x,b,x)  )^dx 

c 


a  c 

b 

*  /  ( t/J.(X,x,b,x)  )2dx 


•  Ata,b]  . 

Likewise  A£a,c]  <  A[a,b]  if  X  <  p.j(c,b). 

In  the  remaining  case,  both  A[a,c]  and  A[c,b]  are  nonzero. 
Again  by  (2.5.a)  when  b  <  +•  and  by  (2.21)  when  b  =  we  obtain 
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c 

A(a,b]  -  A(c,b]  *  /  (t/|(X,x,b,x)  )2dx  (2.25) 

a 

and 

v 

c 

A[a,cJ  *  /  (l/£(X,x,c,x)  )2dx  . 

a 

From  (2.3.b),  we  know  l/J.(X,x,c,x)  =0  if  X  <  y1(x,c).  Hence  there 
is  an  e  >  0  such  that  l;.J.( X,x,c,x)  =  0  whenever  x  c  [c  -  e,c]  and 
consequently  we  have 

c-c 

A[a,c]  «  /  (i/4_(X,x,c,x)  )2dx  .  (2.26) 

a 

From  (1.47),  we  know,  for  x  e  (a,c  -  e) 

(V|(X,x,b,x) )2  >  (l/|(X,x,c,x)  )2  .  (2.27) 

Combining  (2.25),  (2.26)  and  (2.27),  we  conclude  that 

A[a,c]  +  A[c,b]  <  A[a,b]  . 

Corollary  2.28 

Assume  (r. 1),  (F.1)-(F.5)  are  satisfied.  Then 

< 

lim  A[a,-]  «=  0  .  (2.29) 

a-*» 

Proof 

Let  o  >  0.  By  Lemma  2.11  and  Lemma  2.23,  we  have 
0  4  Ala,»]  4  AIu/»]  -  Ata,a] 

for  all  a  4  a  <  +»•  Letting  a  -►  +«  and  invoking  Lemma  2.13,  we 


obtain  (2.29) 
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Remark  2.30 

Without  assuming  (F.5)  the  same  kind  of  technique  used  in  the 

proof  of  Corollary  2.7  shows  that 

lim  A±ta,®J  =  0  . 
a>® 

We  are  first  going  to  prove  Theorem  2.1  for  the  special  case  of 
0  ■  0.  For  fixed  X  >  0  and  a  >  0,  we  denote  the  function  G.j(x) 
by 

G.j(x)  =  A[a,x]  +  A[x,®]  (2.31) 

for  x  e  [a,®)  and  define  Gj(+®)  =  lim  G}(x)» 

x++® 

The  function  G1  has  the  following  properties. 

Lemma  2.32 

Suppose  (r.  1)/  (F.I)-(F.S)  are  satisfied.  Then  Gj  is 
continuously  differentiable  on  [a,®)  such  that 

Gj(+«*)  «  ACa»°°]  (2.33) 

and 

G}(x)  ®  [(/;(X,a,x,0,x)]2  -  W;U,x,®,0,x)]2  .  (2.34) 

Proof 

«  C^[a,®)  is  an  immediate  consequence  of  Propositions  2.4, 
2.20  and  (2.31).  Next,  by  Lemma  2.13  and  Corollary  2.28,  we  have 
(2.33).  Finally  (2.34)  follows  from  (2.5.b)  and  (2.21). 

We  are  now  able  to  find  a  one-node  solution  for  9=0  in 
(l.l.b).  From  now  on  until  the  end  of  Remark  2.51,  we  suppress  the 
0  dependence  in  our  notation. 


Theorem  2.35 

Suppose  (r.1),  (F.1)-(F.5)  are  satisfied.  Let  X  >  0,  a  >  0  be 
given  and  9  =  0  in  (l.l.b)  be  fixed.  Then  S*  2(X)  and  S~ 
are  nonempty. 

Proof 


By  (1.41.c),  there  is  an  e  >  0  such  that  X  <  iij(a,x)  for  x  e 
[a/a  +  e]  •  Hence,  by  Lemma  2.11  (i)  and  (2.31),  G-j(a)  =  A[a,<*>3.  From 
Proposition  1.43  (i)  and  (2.34)  we  Jcnow  G}(x)  =  -[U+(  X,x,®,x)  ] 2  <  0 
for  x  c  [a, a  +  e].  Furthermore,  by  (2.33),  G.j(+«>)  =  A{a,®].  We 

conclude  that  G.j  must  attain  its  infimum  at  some  point 
z  e  (a  +  c,®). 

Next,  we  define 


We  claim  u  e 


Since  G’ (z) 
lim 


u(x) 


V+(X,a,z,x) , 


x  e  [a,z] 


{  ^-(X/Z,«/X) /  X  €  [Z/«>  . 

C*[a,«0.  Obviously/ 

u(z)  -  V+(X,a,z,z)  *  tL(X/Z/«,z)  »  0  . 
■  0,  by  (2.34)  and  lf+  =  ~V_,  we  have 
u’(x)  =  V+(X,a,z,z)  =»  ^KX/Z,®,z)  =  lim 


u’  (x) 


(2.36) 


-  + 
x>z  x+z 

Finally/  it  can  be  easily  checked  that  u(x)  satisfies  (I)a* 

Thus  u  €  st  ,(X)  and  hence  -u  c  s“  ,(X). 

U/  x  “ 

Remark  2.37 

The  proof  shows  that,  for  given  a  >  0,  Gj  attains  its  minimum 
at  an  interior  point  of  (a,®). 

To  obtain  n-node  solutions,  more  work  is  needed.  Let  a  >  0, 
then  for  n  e  ■  we  denot®  the  set  An  by 


*»  -_vV 


It  immediately  follows  from  Propositions  2.4,  2.20  and  (2.38). 
Lemma  2.41 

Assume  (r.1),  (F.1)-(F.5)  are  satisfied.  Let  n  >  1,  then 
(i)  If  x1  =  a,  Gn(x1,x2, . . . ,xn)  =  Gn-i<x2,... ,xn). 

(ii)  If  x^  =  xi+1'  Gjj(X(»x2i  ««.(Xn)  =  Gn_.j  (x2, ...  ,x^,x^+2, ...  *xn) . 
(iii)  If  {(x1(m),x2(m),...,xn(m))}  C  is  a  sequence  such  that 

lim  x^(o)  =  Zj_  <  +«  for  0  4  i  <  k 


lim  x^(m)  =  -Ha  for  k  4  i  4  n 


V. 


i 


lim  G, 


f  Gk-1(r1'z2' ***'zk-1 

L(x1(m)  ,x2(m), . . .  ,xn(m) ) 


)  if  k  >  \ 


Proof 


By  (1.41.c)  and  Lemma  2.11  (A),  we  have  A[x,x]  =  0  for 
x  €  [a,'®).  This  together  with  (2.38)  implies  (i)  and  (ii).  To  prove 
(iii)  we  know  that  Proposition  2.4  implies 

k-1  k-1 

lira  \  A[x^_^(m)  ,x^(m) ]  =  \ 

m+*>  i=1  i= 1 

where  z g  =  Xg(m)  =  a.  Next,  by  Proposition  2.4  and  Lemma  2.13 

lim  A[x)c_1  (m)  ,xk(m)  ]  =  Alx^.-),®] 

m>oo 

Thus,  letting  xR+^(m)  =  +«,  it  remains  to  prove 

n+1 

lim  \  Atx^.^m)  jXj^fm)]  =  0  .  (2.42) 

m+on  i=k+1 

From  Lemmas  2.11  and  2.23,  it  is  easy  to  see  that  for  all  men 

n+1 

0  <  £  Atx^Cm)  .x^m)  I  <  A[xi_1  (m)  ,<»]  .  (2.43) 

i-k+1 

Letting  m  +  +®»,  (2.42)  follows  from  (2.43)  and  (2.29). 

We  are  now  ready  to  establish  n-node  solutions  for  n  >  2  in  the 
case  9=0. 

Theorem  2.44 

Suppose  (r.1),  (F.1)-(F.5)  are  satisfied.  Let  X  >  0  and 

a  >  0  be  given,  then  st  „(A,0)  and  sT  _ ( X, 0 )  are  nonempty  for 

d  t  n  <s/ii 

all  n  e  N* 

Proof 

For  convenience,  we  suppress  the  9  dependence  from  the 
notation  V+.  Since  A[x^_.j,x^]  >  0  and  at  least  one  of  them  is 


positive,  we  know 
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(x^ ,x2#  •  •  *  $ ^  0  for  dll  ^  #X2 » •  •  •  f 

and  hence  Inf  G^fx-^ ,x2/ ♦  •  •  #xk)  exists* 

\ 

By  an  interior  point  of  Ak,  we  mean  a  point  (x^ jXj/ •  •  •  »xk)  c 

Ak  such  that  a  <  xj  <  x2  <  • • •  <  xk  <  +®.  We  will  show  Gk  attains 

its  global  infimum  at  an  interior  point  (z-| , Z2,  •  •  •  ,zk)  of  Ak. 

Assuming  that  for  now  and  letting  zq  =  a  and  2x+i  =  +a>>  from 

(2.40),  we  have,  for  i  =  1,2, ...,k,  that 

3G  ,  , 

~ —  ( z i , z 2 ,  *  •  • , 2k )  =  l\/H\t2i,-i,zi,zi)]  ~  [  1/+  ( X, z^ , 2i+^ , Zi )1  —  0 

oX^ 

that  is 

|l/+(X,zi_i,zi,zi)  [  =  ((/4-CX,zi,zi+1,zi)  |  ,  i  =  1,2,..., k  .  (2.45) 


Also,  note  that  if 

X  <  ui(Zj_-,,Zj)  for 

some  j,  let  i  >  j 

be  the 

largest  value  such 

that  X  <  U^(z£_i,Z£) 

and  X  >  U 1  ( z 2. ,  z£.-*- 1  ^  ■ 

But 

this  implies 

^£*1,^£,Z£)  ”  ^  and 

^+(X,Z£,Z£t-J,Z£)  f1  0 

which 

contradicts  (2.45). 

Thus  X  >  Ui(=i-l,2 

^ )  for  i  =  1, 2, . . .  ,k 

+  1 , 

and  if  we  put 

u(x)  =  (-1)1(/+(X,zi,zi  +  1,x)  for  x  £  (Zi,zi+t>  ' 
i  *  0,1,2,.  ..,k,  then  u  e  C^a,*)  is  the  desired  k-node  solution 
with  nodes  zi,22, • • • ,zk* 

Thus  it  remains  to  show  that  Gk  attains  its  infimum  at  an 
interior  point  (z ^ , Z2» • • • , zk)  of  Ak«  To  achieve  this  goal  it  is 
sufficient  to  prove,  by  induction,  the  following  statement: 

If,  for  1  <  k  <  n  -  1, 

Gfc  attains  its  global  minimum  at  an  interior  point  of  Ak  (2. 46. a) 

and 


Min  ,X2*  •  •  •  >  Inf  (x^  #X2*  •  •  •  ) 

*k  *k+1 


(2.46.b) 


then  these  statements  also  hold  for  k  =  n. 

It  Is  clear,  from  Remark  2.37,  that  (2. 46. a)  holds  for  k  =  1. 
Also,  if  G.j  attains  its  global  minimum  at  z  e  (a,®),  then  from 
Lemma  2.23  there  exists  a  t  e  (z,®)  such  that 


hence 


Afz,t]  +  Aft,®]  <  A[z,«] 


Min  Gj (x)  =  G.j  (z)  =  A[a,z]  +  A[z,®] 


>  A[a,z]  +  Afz,t]  +  Aft,®] 

■  G2(z,t)  >  Inf  G2(x^,X2) 
A- 


which  gives  (2.46.b)  for  k  *  1. 

Next,  if  (2. 46. a)  and  (2.46.b)  hold  for  1  <  k  <  n  -  1  and 
suppose  (2. 46. a)  is  false  for  k  =  n,  then  there  exists  a  sequence 


{(S1 (m) ,S2(m) , . . . ,Sn(m) )}  C  An  such  that 

lim  Sj_(m)  =  t^  (might  be  +®)  1  <  i  <  n 


(2.47) 


Inf  Gn(x1,x2,.*.,xn)  -  lim  G^S^m)  ,S2(m),...,Sn(m)  )  .  (2.48) 


Suppose  tn  <  +®.  Then,  letting  tQ  **  a,  there  exists  0  <  j  <  n  -  1 
such  that 

fcj  -  Vi  • 

Hence,  by  Lemma  2.41  (i)  or  (ii),  we  have 

Gn(ti,t2,...,tn)  -  Gn_,(t1,...,tj.1,tj+1,...,tn)  .  (2.49) 

Prom  Lemma  2.39,  (2.47)  and  tfl  <  +<■,  we  know 


lim  Gn( S •j  (m) ,  S2 (m) , .  •  • ,  Sn  ( m)  )  —  Gn(t^(tj,*««/tn)  •  (2.50) 


Applying  the  induction  hypothesis  and  combining  (2.48)-(2. 50) ,  this 
leads  to 

lnf  Gn  <  Min  Gn-1  =  lnf  Gn-1  <  Gn-1(t1 ' ‘ V  *  * ^n5 
A  A  A 

n  n- 1  n- 1 

*  Gjj(ti  »t2<  •  •  •  ,t^)  =  GjjCS-j  (m)  /  •  •  •  .Sjj(m) )  =  Inf  Gn 

m+00  A 

n 

which  is  obviously  absurd.  If  tn  =  +— •  bet  0  <  j  <  n  -  1  be  the 
largest  value  such  that  tj  <  +-.  Suppose  j  >  0.  By  Lenuna  2.41 


(iii)  we  have 


lim  Gm(S-j  (m) ,  •  •  • /Sp^m)  )  —  Gj  (t  ^ , . . .  ,t  j )  • 


Applying  the  induction  hypothesis,  we  obtain  the  same  sort  of 
contradiction.  Thus  it  remains  the  case  j  *  0.  In  this  case,  by 


Lemma  2.41  (iii) 


lim  Gn(S-j(m) , . . .  ,Sn(m) )  =  Ala,-] 


Prom  Lemma  2.23,  there  exists  a  z  e  (a,-)  such  that 

Ala,-]  >  A[a,z]  +  Atz,®]  =  G.j(z)  >  Inf  G1 

A1 


Thus, 


Inf  Gn  »  lim  Gn( S, (m) , . . . ,Sn(m) )  =  Ala,-]  >  lnf  G 1  -  Min  G, 


A  m-*-® 

n 


which  is  contrary  to  the  induction  hypothesis  again. 

Finally,  arguing  like  the  case  k  -  1,  we  can  prove  (2.46.b) 
holds  for  k  -  n  and  this  completes  the  proof. 


Remark  2.51 

(a)  Actually  any  critical  point  of  Gjj  gives  a  n-node  solution. 

However,  if  the  n-node  solution  is  unique  (up  to  the  sign)  then 

^z1'z2' * ’ * 'zn^  must  be  the  point  at  which  the  minimum  of 

occurs  where  z.,,z-,...,z  are  nodes  of  the  n-node  solution. 

1  n 

(b)  For  fixed  X  >  0  and  a  >  0,  let  Ff  =  A(a,»]  and  for  n  >  2, 
Tn  *  Inf  Gn_1«  Then  by  (2.46) 


(i) 

ri  >  r2  >  •••  >  rn  >  ••• 

>  0  . 

(ii) 

Let  u  be  a  solution  of 

(I)a  and 

OB 

u(x) 

J(u)  =  /  Xr(x)u2(x)  - 

(u*(x))^  -  2  j  f (x,y)dydx  . 

a 

0 

If  J(u)  <  rn  then  u  has  at  least  n  interior  zeroes 
in  (a,®). 

Next,  with  the  aid  of  Proposition  1.76,  we  know 
(iii)  rn  are  continuous  functions  of  X  and  a. 

Moreover,  it  is  not  difficult  to  prove,  from  Proposition  2.20, 


Corollaries  1.17  and  1.45,  that 


For 

fixed 

a  >  0,  rn 

are  increasing  functions 

of 

for 

fixed 

X  >  0,  rn 

are  decreasing  functions 

of 

To  complete  the  proof  of  Theorem  2.1  for  the  case  0  <  9 
need  the  following  technical  lemma. 

Lemma  2.52 

Assume  (r.1)  and  (F.1)-(F.4)  are  satisfied.  Let  0  <  Xg 
•  ••  <  xn  <  Suppose  xn+|  <  +®  (resp.  ■  +«•).  Let  t 


X  and 


d  • 


<  Xj  < 

be  a 


function  defined  by 


■rv  •rv'-irv  v\'  ry  Tm  m.  wu  wii 
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T(n) 


(2.53) 


+  if  n  is  odd 

-  if  n  is  even 

and  l/T (n  j  ( X,a,b,  0,  • )  be  the  positive  or  negative  (depending  on 

t(n) )  solution  as  mentioned  in  Remark  1.6  (b).  For  fixed  0j, 

0  <  0i  <  ~  suppose  X  >  u  ^  (xg,x-j /  9 1 )  and  X  >  Max  y  1  (xi  ,x^+1 , 0 ) 

1<i<n 

(resp.  Max  y^Cx^/X^+l/O) )  where  y-j(a,b,9)  was  defined  as  in 
1<i<n-1 

(1.39)  and  (1.40).  Suppose  for  2  <  i  <  n 

I^T(i)^'Xi”1'*i'®'xi^  I  ^  I  (i+ 1 )  ^ ' xi ,xi+ 1 ' ® ' xi ^  (2.54) 

and 


such  that 

(i)  <  X£. 


1  <  i  <  n 


and  for  2  <  i  <  n 

J^T(i)  ^,ti-1,ti'0,ti^  ”  I  ^x(i+1)  ^'ti,ti+1' 0,ti^  I 

(iii)  |  1  )  (  X/ tg,  t  -J  ,  0  -j  /  tg  )  |  <  I  ^T(  1  )  ^  ^'X0,X1  •  9  1  »Xq  )  | 


if  e1  -  o 


(2.58) 


(2.59) 


(iv)  I  ^r(n+1 )  tn'tn+1 '  ® ,fcn+1  ^  I  *  I  ^x(n+1 )  ^'xn 'xn+1 ' 0,xn+1  ^  I 

if  <  +*0  (2.60) 

(v)  X  >  U i (^0#t -j , 9 1 )  and  X  >  Max  g1(ti,ti+1,0)  (resp. 

1<i<n 


Max  *Ji(ti*ti+i,0) ). 
1<i<n-1 


(2.61) 

Moreover,  if  t ( j )  is  replaced  by  T(j  +  1)  wherever  x(j)  appeared 


/  V  /  rs-.rr.-yj 

I 

I 

srl 

jl 

> 


m 


0,x,)|  . 

(2.55) 

> 

> 

0'  fcn+1  = 

xn+1 

(2.56) 

> 

>1 

(2.57) 

I 

>  i 


> 

■A 

■3 


I 

I 


in  the  above  statement  the  results  still  hold 


Remark  2.62 


In  view  of  the  definition  of  t,  if  we  define 


v(x)  =  ■ 

I/.J.  (  ^  j  (X,tg,t^  ,0  ,X) 

for 

X  €  [tg , t . ) 

(2.63 

.  ^t(i+1)  ^»fci,ti+i  ,0  ,x) 

for 

x  e  [tA,ti+1)  1  <  i  <  n 

and  let 

a  =  tg,  b  =  tR+1  then 

V  £ 

Sa,b,n+1(X'9)  (resP* 

S^,n+^(X,9))  in  the  r ( j )  case  and 

v  £  sa,b,r.+  1(x'9)  <resP* 

Sa,n+1(X,9))  in  the  + 

case. 

Proof 

Since  9j  is  considered  fixed,  we  will  suppress  0^  as  well  as 
0  from  our  notation  when  there  is  no  confusion. 

The  proof  will  proceed  by  induction.  We  first  look  at  the  case 
n  -  1,  For  given  Xg  and  x2,  we  define  functions  p  and  p 
with  domain  (xQ,x2)  by 

p±(x)  =*  [IZ+U/Xg^e^x)]2  -  tl/i(X,x,x2,0,x)]2  (2.64 

where,  for  convenience,  we  adapt  the  notation  1/+  ( X»a,b.,9 ,x)  =  0 
whenever  X  <  Ui(a,b,9).  Then  it  is  clear,  from  Proposition  1.76, 
that  p+  and  p~  are  continuous  on  (xg,x2).  From  the  hypothesis 
(2.55),  we  know  p+(x1)  >  0.  From  (1.41.c)  and  Proposition  1.43  (i), 
we  know,  for  x  near  Xg,  that 

p+(x)  -  -d\l(X,x,x2,x)]2  <  0  . 

Therefore,  there  is  a  t^  e  (xg,x^]  such  that 

p+(t1)  ■  0  .  (2.65 

Letting  t0  -  x0  and  t2  -  x2  this  yields  (2.56).  Combining  (2.64) 
with  (2.65),  we  obtain  (2.57). 

Supppose  x2  <  +».  Now  t1  <  x^  and  since  u1(a,b,9)  is  a 

decreasing  function  of  b  for  a  and  9  fixed,  we  have 


A  >  y1(t1,t2)  and  hence 

„  |V.I(A»t.|,t2,t.j)  |  >  0  • 

Combining  this  inequality  with  (2.57),  we  have 

|V|(Aft0,t1#t1)|  >  0  .  (2.66) 

If  A  <  ui(tn,ti)  the  only  solution  for  (I)*.  would  be  the  trivial 

U  UQ,U.J 

solution  which  is  contrary  to  (2.66).  Thus  A  >  Ui(tQ»ti)  giving 
(2.61)  if  x2  <  +». 

If  x2  =  +®,  |  V±(  A,t-j  ,“,t  i )  |  >  0.  Consequently  the  same  argument 
as  above  shows  A  >  iii{tg,ti).  Thus  we  have  (2.61)  even  if  x2  =  +»• 
Equation  (2.58)  is  void  for  n  =  1.  Inequalities  (2.59)  and 
(2.60)  easily  follow  from  (2.56),  (1.47)  and  (1.49).  Thus,  with  an 
analogous  treatment  of  p~(x)  which  corresponds  to  the  t ( j  +  1) 
case  we  complete  the  case  of  n  *»  1. 

Suppose  the  result  holds  for  n  =  k  -  1.  We  are  going  to  prove 
that  it  is  true  for  n  =  k.  Granted  that  (2.56)-(2.58)  are  true,  we 
can  verify  (2. 59) -(2.61)  by  the  same  reasoning  as  in  the  case  n  =  1. 
Thus,  it  remains  to  show  (2.56)-(2.58) . 

First,  by  applying  the  induction  hypothesis  to  k  +  1  ordered 
points  (xq,xj,  . . .  ,x^) ,  we  get  k  +  1  ordered  points  (sq,s-j,  •  • .  ,5^) 
with  the  corresponding  (2.56)-(2.60)  as  follows 

80  -  X0,  Sfc  *  Xfc  and  s^  <  x^  for  1<i<k-1, 

I  (  ^,si-l » s^,s^)  |  “  |  j  (A,s^,s^+i,s^)  |  1  <  i  <  k  -  1  (2.67) 

|^{1)(A,s0,s1,s0)  <  l^i(1)(A,x0,x1,x0)  |  / 

lVx(k)<x'sk-1»sk'skH  >  l^<k)(x'xk-1'xk'xk>l  *  (2*68) 

From  the  hypothesis  (2.54)  and  (2.68),  we  have 

I  ^x(k)*X'sk-1'sk,sk^ I  >  I ^r(k+1) ( X,xk'xk+1'xk^ I  * 


(2.69) 


^  wn  j  i  rv^  ro/VUVlJli\.nf\nfl?VUVl 


Put  sk+i  =  xk+i«  If  equality  occurs  in  (2.69),  we  have  the  n  =  k 

case.  If  (2.69)  is  not  an  equality,  from  (2.67)  and  (2.69),  we  can 

apply  the  induction  hypothesis  to  (s^ ,S2» • • • *s]c+i)  and  obtain 
(s},...,s£+1)  with  the  corresponding  (2.56)-(2.60)  as  follows 

s^  =  s ^ ,  sk+1  =  sk+.j  and  s|  <  s^  for  2  <  i  <  k  (2.70) 

l«'T(i>a'si-1'si'sl)l  =  l^(i+1)^»8I»8i+1'8l>!  2  <  i  <  k  (2-7D 

|y'(2)(X,s^,s^,s*1)i  4  |V*(2)(X,s,fs2,81)|  (2.72) 

I^T(k+1)'A'sk'sk+1's£+lH  >  !^T{k-H)(*'sk'sk+1'sk+lH 


if  xk+t  < 


(2.73) 


Thus,  it  follows  from  the  case  i  =  1  of  (2.67)  and  (2.72),  that 


|I/4(2)(X,s^,sJ,s^)  (  <  |K^1)(A,s0,s1,s1)|  . 


(2.74) 


Put  Sg  =  sg.  Again  if  equality  occurs  in  (2.74)  we  are  finished; 
otherwise  we  repeat  the  same  process  on  (s£,s^ , . . . ,sk) •  Continuing 
in  this  fashion,  we  define  ordered  k  +  2  tuples  of  points,  (x^, 
(s^),  (s{)  etc.  Either  this  process  terminates  in  finitely  many 
steps  and  hence  we  complete  the  proof  or  we  have  a  sequence  of  k  +  2 
ordered  points  { (T^O)  ,T®(  1 ) , . . .  jT^tk  +  1))},  such  that 

T»(0)  »  Tm+1(0),  1®(k  +  1)  -  Tm+1(k  +  1)  and  T^d  +  1)  4  T^d) 


for  1  <  i  4  k  and  for  all  m  , 


(2.75) 


1 1/^(  1 )  (  X*Tnl+^  ( 0 )  ,Tm+1  ( 1 )  ,Tm+  ^  ( 0 )  )  |  4  |l/;(1)(X,Tm(0),Tn(1),Tm(0))| 
|(/*()c+1)(X,T,n+1(k),Tn+1(k  +  1),Tm+1(k  +  1)| 

>  |(/4(k+1)(X,Tn'(k)  ^(k  +  1),Tm+1(k  +  1)|  if  xk+1  < 


and  if  m  is  odd 


!Vi{i>{X,Tm<i  -  1)  ,Tm(i)  fl^d) )  |  -  k;(i+1)(X,I^(i)/I®(i  +  1 ) ,  T®  d ) )  | 


for  1  <  i  <  k  -  1 


(2.76) 


and  if  m  is  even 


VYi 


l^(i)(X'Tn'(i  ■  1>»'rm(i>»Tln<i))i  =  l^(i+1)(X,Tm(i),Tm(i  +  1),T“(i))| 

for  2  <  i  <  k  .  (2.77) 

Since  (2.75)  tells  us  that  for  fixed  0  <  i  <  k  +  1,  {T®(i)}  are 

monotone  nonincreasing  sequences  and  bounded  below  by  Xg.  Thus 

lira  T^ji)  =  t^  exists  for  0  <  i  <  k  +  1 
m+» 

passing  to  the  limit  in  ( 2. 75)-(2. 77) ,  we  get  (2.56)-(2.58)  for  the 
case  n  =  k.  The  same  argument  takes  care  of  the  x(j  +  1)  case.  We 
omit  it. 

Completion  of  the  proof  of  Theorem  2.1 

Since  positive  and  negative  solutions  have  already  been 
constructed  in  Theorem  1.2,  we  only  need  to  consider  n  >  2.  Also, 
the  proof  of  the  case  of  S+  n(X»9)  is  the  same  as  that  of 
ST  „  ( X ,  9 ) ,  so  only  the  first  one  will  be  carried  out. 

By  Theorem  2.44,  we  can  pick  a  ueS*_(X»0).  Let 

"  a  f  Q 

x-,,x2,  •  •  •  ,xn_t  be  the  nodes  of  u  and  put  xQ  =  a,  xk+1  -  +»,  ther 
it  is  clear  that 

u(x)  =  t/T(ij (X,xi_1,xi,0,x)  for  x  e  [x^i^].,  1  <  i  <  n  . 

By  (1.37),  we  have,  for  0  <  8^  <  that 

I  J/+( X ,Xg,Xi , 9 1  ,Xi )  |  >  1 1/+( X ,Xg ,x.j , 0 ,x^ )  |  .  (2.79) 

Since 

=  lutx^l  =  !vl(X,x1,x2,0,x1)  |  . 

Combining  this  with  (2.79)  we  get 

I  V+(X,Xg,x^ , 9  ^,x^ )  |  >  |  1/!(X,Xj,x2,0,Xj)  |  . 


(2.80] 


Now,  looking  at  ( i )  (X  ,xQ/x1 ,9  •, ,  • ) ,  l'T(i)  (A#xi_1,xi,0,»  } ,  2  <  i  < 
and  with  the  inequality  (2.80),  we  satisfy  the  hypothesis  of  Lemma 
2.52  from  which  the  required  (n  -  1)-node  solution  follows. 


From  (1.75.b),  we  can  find  an  a-j  >  X  such  that  K^CXra^)  <  5 

Hence  u  is  a  solution  of  (I)  if  and  only  if  it  is  a  solution  of 

°t 

the  problem 
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~u"  =  (Ar(x)  -  H(x,u))u,  a1  <  x  <  +®  , 
uta^cose  -  u*  (a^ ) sin8  =  0,  u  e  L2Ca1#«) 


(3. 2. a) 


(3.2.b) 


where  tne  function  H  is  defined  by 


H{x,y)  = 


F(x,y)  if  y  >  0,  x  >  0 

F(x,-y)  if  y  <  0,  x  >  0  . 


By  Theorem  2.1,  S*  _(A,9 )  /  &  and  S’  n(A,9)  t  li  for  all  n  and 

»n  ax ,n 

0  4  9  4  ~.  Pick  a  u  £  Sq  n(X»°)  and  let  z-, , z2» .  • .  ,zn_1  be  its 
nodes.  Then  it  is  clear  that 


u(x)  =  ^x(i)  (X,*i-i*2i'0/X)  for  x  e  [zi_1,zi],  1  <  i  <  n 

where  Zg  =  a-j  and  zn  =  +«.  By  (1.49) 

I (^4.(  X  ,a ^ ,  z^ ,  0 ,  z^  )  |  <  1 V+  ( X  »a ,  z ■j ,  0 ,  z ^ )  |  • 


(3.3) 


From  (1.37),  we  have,  for  0  4  9  4  that 

•  ^ 

( l/.J.( X,a, z .j , 0 , z ^ )  |  <  [ 1/.J. ( X »a» z ^ , 9 , z ^ )  f  . 
Combining  (3.3)  with  (3.4)  we  get 

I J  +  ( X »<x^ ,  z ^ ,  0 ,  z  •] )  |  4  |  I/.J. ( A , a ,  z  i , 9 ,  z  ^ )  |  . 
Since  V+(  X,a.j ,  z.j  ,0,  z-j )  =  (/^(A,z^,z2,0,z^), 

|l/i(X»Z^,Z2/0,Z^  )  |  4  |i^|(\r^rZ^fdrZ^)  j  • 

Let  Xg  »  a  and  x^  =  zi#  1  4  i  4  n.  Now,  looking  at 


(3.4) 


(3.5) 


tfT(1)(X»XQ,x1,-0,*),  l'T(ij(A,xi_1,xi,0,»),  2  4  i  4  n,  and  with  the 
inequality  (3.5)  we  satisfy  the  hypothesis  of  Lemma  2.52  from  which  we 
obtain  the  required  solution  in  S*  _(A,0). 

df  n 

S’^n(X,9)  can  be  treated  similarly.  This  completes  the  proof. 


§4.  UNIQUENESS  OF  SOLUTIONS  WITH  A  PRESCRIBED  NUMBER  OF  NODES 
In  this  section/  we  will  use  a  shooting  argument  to  prove 


uniqueness  results  for  solutions  with  a  prescribed  number  of  nodes, 
that  is,  for  given  X  >  0,  a  >  0  (and  b  >  a  in  the  bounded  domain 
cases),  St  (X)  (resp.  S*  .  _)  as  well  as  s“  _(X)  (resp. 

a  f  il  a.  f  U  /  11  d/Il 

S*  k  „(X))  contains  at  most  one  element  (see  Theorems  4.6,  4.7). 
ci  f  jj  f  n 

Note  that  the  existence  of  multiple  node  solutions  has  already  been 
established  in  Theorems  2.1  and  3.1.  Now  uniqueness  will  be  proved 
for  a  subclass  of  such  problem.  However,  the  symmetricity  assumption 
(F.5)  or  (F.5)'  will  not  be  assumed.  To  do  so,  we  consider  the 
following  initial  value  problems 

-u"(x)  =  Xr(x)u(x)  -  f(x,u(x)),  a  <  x  <  -k=>  ,  (4.1. a) 

u(a)  =  0,  u'(a)  =  £  if  Q  •  0  in  (1.2) 

(4. I.b) 

u(a)  =  £,  u’(a)  =  £  •  cot0  if  0  <  0  <  in  (1.2)  . 

It  is  assumed  that 

(f.2)  f(x,y)  is  continuously  differentiable  in  [0,«)  x  R. 

X  is  the  eigenvalue  parameter.  Given  a,  X,  0  and  £  there  is  a 
unique  solution  U  (X,C,0,»)  of  (4.1)  which  is  understood  to  be 

cl 

extended  to  its  maximal  interval  of  definition.  Clearly  Ua(X,£»0»x) 
is  of  class  C1  in  all  of  its  arguments.  Assuming  (F.3),  we  have 
Ua(X»0,0,x)  =  0  and  for  5  7*  0 

OaU»5»9#*)  +  U^2(X,£,0,*)  >  0  .  (4.2) 

We  will  assume  r(x)  >  0,  F(x,y)  >  0  and  0  <  0  <  Therefore 

if  X  4  0,  by  (4. I.b)  UJ  •  Ua  >  0.  From  (4. I.b),  we  know  if  (  ^  0, 
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Ua  •  Ua  >  0  for  x  c  (a,a  +  e)  and  so  e  >  0.  Thus,  if  CJa  >  0 
for  x  e  (a, a  +  e)  then  >  0  and  _a  >  0  in  (a, a  +  e).  Hence 
Da  and  Ufl  are  nondecreasing  and  never  vanish  in  (a,®).  An 
analogous  argument  shows  Ua  cannot  equal  zero  in  (a,®)  either  if 
0a  <  0  in  (a, a  +  e).  So  we  will  be  only  interested  in  X  >  0.  Let 
Vq  (resp.  V~ )  =  {(X,£)[x  >  0,  r  >  0  (resp.  <  0)}  . 

For  fixed  0  <  Q  <  let  V+  (9)  (resp.  P7  _(9)),  n  >  1,  be  the 

2  a  f  II  d/U 

set  of  (X,£)  €  Pq  (resp.  V~)  such  that  Ua(X,?,0,»)  has  at 
least  n  zeroes  in  (a,®).  Ordering  these  zeroes  as  an  increasing 
sequence 

a  <  za,1(x'5'9)  <  za,2(x'S'9)  <  **•  <  za,n(x'5'9)  < 

we  obtain  functions  z,  „  (n  =  1,2,...)  such  that  for  fixed 

ci  t  n 

0  <  8  <  ~  and  for  every  integer  n.  za>n  is  defined  on  P*  n(9) 
(resp.  D"n(9)).  Given  (X,£)  e^a>n(0)  (resp.  ^a#n(9)), 
x  *■  za>n(X,5,9)  solves  the  equation  Oa(X,£,8,x)  =  0.  From  (4.2), 
Oa(>w£,9,x)  /  0  when  x  =  2a#n(X,C,9).  Hence,  by  implicit  function 
theorem  there  is  a  neighborhood  0 j  of  (X,£)  on  which  za  n  is  of 
class  C1  in  its  arguments  and  there  exists  a  maximal  open  set  0 
containing  <?1  such  that  za<n  is  so  on  0.  Since  Pa<n(9) 

(resp.  p”  n(0))  is  the  union  of  those  components  0  it  is  an  open 
set.  For  fixed  X  >  0,  we  denote 

Da,n(X,9)  <resP*  Da,n(x'9))  “  C S I  (XrC)  «  Pa,n<9>  (resp.  p*#n(9 ) )}  . 
Bien  it  is  easy  to  see  that 

Di.n'»'e>  3  •  <«-3> 

We  will  use  the  above  notation  in  the  next  section.  Now, 


throughout  this  section  unless  otherwise  stated,  we  assume  r(x) 


satisfies 


(r. 2)  r(x)  =  1,  0  <  x  <  ® 

and  focus  on  the  special  nonlinearity  which  satisfies 
(F.6)  There  are  4;  1 , £  C1  (  [0 ,« ) ,  [0 ,® )  ) ,  ^  1  ( 0 )  =  ijj2(0)  =  ■M  > 
]pj,  >  0  in  (0,®),  and  a  positive  number  a  such  that 
[  ij).|(w(x}  |y  |a)  ,  y  >  0,  x  c  [0 ,® ) 


F(x,y)  =  { 


0, 


[  i£2(w(x)  Jy|a),  y  <  0/  x  e  [0,®) 
where  w  c  (  [0,®) ,  (  0,®) ) . 

Furthermore,  we  list  several  assumptions  related  to  the  functions 
iji  and  w 

There  are  positive  numbers  p2,  q-j  and  q2  such  that 

q-.  q? 

tj/^ft)  >  p-j  •  t  and  ij>2(t)  >  p2  *  t  for  t  £  [0,®). 

(ip-2)  =  \j>2' 

(i|(.3)  lim  ^i(t)  =  lim  ij;2(t)  =  +«. 
t>®  t-v® 

w 1 

(w.1)  —  is  nondecreasing  on  [0,®). 

w 

A  A 

(w.2)  There  exists  a  b  £  [0,«)  such  that  w'(b)  >  0. 

Remark  4.4 

Hypotheses  (w.1)  together  with  (w.2)  imply  w  grows 
exponentially  on  [b,®).  Hence  J  w”^adx  <  +®  is  clearly  satisfied 


0 


and  it  is  easy  to  check  that  assumptions  (F.6),  (iji.l),  (w.1)  and  (w.2) 
are  stronger  than  (F. 1)— (F.4) . 

Thus  equation  (4.  I.a)  becomes 

Xu  -  ip.,(w{x)  |u  i°)u  if  u  >  0 
Xu  -  i|>2(w(x)  |u  ja)u  if  u  <  0  . 


—u  * 


(4.5) 


AW.W.W.V1 r.V  S. 


Our  first  main  goal  is  to  prove  the  following  uniqueness  results: 


Theorem  4.6 

Assume  (r-2),  (F.6),  (i{>*3)  and  (w.1)  are  satisfied.  Let 

b  >  a  >  0  and  n  e  N*  If  X  >  y_(a,b,0),  .  (A,0)  has  a  unique 

n  oi  f  d  r  n 

element.  If  0  <  0  <  A  >  un(a,b,8)  and  w*(a)  >  0  then 

S*  .  (A,0)  has  a  unicrae  element. 

a,D,n 

Theorem  4.7 


Assume  (r.2),  (F.6),  (ijj.1),  (w.1)  and  (w.2)  are  satisfied.  Let 
a  >  0  and  n  e  N.  Then,  for  every  X  >  0,  S~  „(A,0)  contains  at 

d/Il 

most  one  element.  If  w'(a)  >  0,  „(A,0)  contains  at  most  one 

a|H 

element  for  all  0  <  0  < 

Remark  4.8 

(a)  If  case  0  <  0  <  the  need  for  the  extra  assumption  w'(a)  >  0 
will  be  seen  in  the  proof.  It  is  worth  pointing  out  that 
Corollary  1.45  (v)  has  the  same  sort  of  assumption .and  will  be 
used  in  the  proof. 


(b)  Combining  Theorem  4.7  with  Theorem  2.1,  we  have 


Corollary  4.9 


Assume  (r.2),  (F.6),  (iji.1),  (ij>.2),  (w.1)  and  (w.2)  are  satisfied. 


Let  a  >  0  and  n  e  N.  Then  for  every  X  >  0,  S“  _(A,0)  has  a 

Cl  Q  It 

unique  element.  If  w'(a)  >  0,  S*  (A, 9)  has  a  unique  element  for 


all  0  <  9  < 
Proof 


From  Remark  4.4,  we  know  the  hypotheses  of  Theorem  2.1  are 
satisfied.  Thus  the  result  simply  follows  from  Theorems  2.1  and  4.7. 
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Our  second  goal  in  this  section  is  to  prove  a  bifurcation 
result.  Note  that  for  the  case  of  bounded  intervals  the  existence  of 
continua  of  solutions  bifurcating  from  the  eigenvalues  of  the 
linearized  problem  is  known  for  a  wide  class  of  nonlinear  Strum- 
Liouville  eigenvalue  problems  (e.g.  see  [24],  [37]),  For  our  setting 
Theorem  4.6  shows  that  these  continua  are  actually  differentiable 
curves  in  the  Banach  space  R  x  C2[a,b].  Heinz  [7]  has  a  result  in 
this  spirit.  However,  our  result  is  applicable  to  more  general 
nonlinearities  and  boundary  conditions. 

Theorem  4.10 

Assume  the  hypotheses  of  Theorem  4.6  are  satisfied.  Let 
0  <  9  <  ^  be  fixed.  Then,  for  each  n  e  N,  (I)ab  possesses  two  C' 
curves  of  solutions  Cn  and  Cn  in  R  x  C  [a, b] ,  where 

cj  =  {(X,uJ(X))|x  >  un}  U  {(yn,0)}  and  u*(X)  e  Sa,b,n(X'0)'  wn 
being  defined  in  (1.41). 

For  the  unbounded  interval  case,  we  also  generalize  Heinz’s 
result  [7] . 

Theorem  411 

Assume  the  hypothesis  of  Corollary  4.9  are  satisfied.  Let 
0  <  9  <  ^  be  fixed.  Let  E  be  the  Banach  space  H^[a,«)  O  L“[a,®). 
Then,  for  each  n  e  N,  (I)a  possesses  two  curves  of  solutions  C* 
and  C~  in  R  x  E,  with  »  {(X,u~(X))|X  >  0}  U  {(0,0)}  and 

un<X)  «  Sa,n(X'^* 

We  need  some  preliminary  work  to  prove  Theorems  4.6  and  4.7. 


Let  X  >  0  and  a  >  0  be  fixed.  Assume  (r.2),  (F.6),  (w.1) 


(♦•3  )  are  satisfied  and  if  0  <  0  <  then  w'(a)  >  0.  Then#  for 

every  integer  n  >  1,  there  exists  a  positive  number  ft*  „(,\.-9) 

(resp.  negative  number  ft7  _ ( A  *  0 ) )  such  that 

df  n 

D*  ( X,0)  =  (0,Q*  (X,9) )  (resp.  D”  n(X,0)  =  (ft7  n(X,9),0)). 

tx  f  ll  a  t  il  d  f  II  a  |  U 

Moreover,  in  (0,Q*  _(X,9)  (resp.  (ft7  _(X»e),0))  we  have 

<x  f  n  a  f  n 


>  0  (resp.  <  0) 


za,n<*'€»e)  =  +- 


(4.13) 


(4.14) 


(X,0) 

df  n 


Remark  4.15 


(a)  When  X,  0,  or  a  is  considered  fixed,  we  suppress  it  from  our 


+ 

notation  ft“  and  D~. 

n  n 


(b)  If  (i|;.2)  is  satisfied,  it  is  clear  that  ft”  =  -ft*.'  in  this 
case,  we  use  the  notation  ftn  instead  of  ft*. 

(c)  It  is  also  clear  from  Proposition  4.12  and  (4.3),  that  ft*+.j  <  ft^ 

«n+1  >  V 

(d)  ft*  (resp.  ft”)  could  be  +»  (resp.  -«).  For  instance,  taking 
w(x)  =  c  (a  positive  constant)  then  it  can  be  shown  that  ft* 
(resp.  ft”)  =  -Ho  (resp.  -»)  for  all  n  >  1. 

Since  a,  X  and  0  are  considered  fixed  in  Proposition  4.12, 
they  will  be  suppressed  from  some  of  our  notation,  that  is, 

*n(5)  “  za,nU'5'9)  ' 

0(5, •)  -  U,(X,5,8,»)  / 
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Dn  “  DI,n<*'9>  • 

We  define 

V  9U/X)  -  ~  U(C,x)  {4.  16) 

for  x  >  a  such  that  U(£,x)  is  defined.  As  is  well-known  [35], 
then  is  the  unique  solution  of  the  initial  value  problem 
fix  -  ^(wtx)  |u(£,x)  |a)  -  at|t{(v(x)  |u(£,x)  |CT)w(x)  |u(5,x)  1°], 

if  D  >  0  (4. 17. a) 

[X  -  i|/2(w{x)  |u(£,x)  |a)  -  a*£(v(x)  |0(5,x)  |°)w(x)  |u(g ,x>  |a]9 

if  O  <  0  , 

9(a)  =  0,  <p*{a)  =  1  if  9  =  0 

9(a)  =  1,  9'(a)  =  cot9  if  0  <  0  <  ■ 

and 

(4.18) 


-9-  -  4 


(4. 17. b) 


*’  'I?0’  ' 


Next,  we  introduce  two  auxiliary  quantities  $(£,x)  and 
T(5,x)  by 

*  -  9  'O  -  0*9  , 
f  -  9'U'  -  U"9  . 

It  is  easy  to  check  from  (4.5)  and  (4. 17. a)  that 
’  Oi))^(w|u|<I)wluj<JU9  if  U  >  0 

*'  “ 

a<|/£(w|u|a)w|uj°U9  if  U  <  0 

and 


(4. 19. a) 
(4. 19. b) 


(4. 20. a) 


i«  -  i 


^(w|u|a)w*  ful^U^  if  0  >  0 

-^(w|u|a)w*  |u!°u9  if  U  <  0  . 

Moreover,  from  (4.19),  (4.1.b)  and  (4.17.b),  we  have 

$(£,a)  =  0  for  all  0  <  9  <  — 


(4.20.b) 


(4. 21. a) 


¥<5, a) 


5  if  8  -  0 

£  •  cot29  -  U"(£,a)  if  0  <  0  <  — 


(4.2 1 .b) 


Now,  we  prove  several  lemmas. 


Lemma  4.22 


Suppose  (r.2),  (F.6)  and  (w.1)  are  satisfied.  Then  as  a  function 
of  x,  there  is  a  zero  of  U{£,*)  between  any  two  zeroes  of  9  (£,*)« 


Proof 

This  immediately  follows  from  the  Sturm  Comparison  Theorem  by 
comparing  equations  (4.5)  and  (4. 17. a). 

Lemma  4.23 

Assume  (r.2),  (F.6),  (w.1)  are  satisfied  and  suppose  w*(x)  >  0 
for  x  e  (a, 00).  Let  0  <  9  <  ~  be  fixed.  If  £  e  D*  (resp.  D^) 
then  U"(£,a)  <  C. 

Proof 

Let  b  *  Zj(£),  the  first  zero  of  U(£,»).  By  Theorem  1.5 
U(£,x)  *  V+(X,a,b,x)  for  x  e  Ta,b).  Thus,  by  Remark  1.55  (a),  (b), 
we  have  the  lemma  provided  that  the  hypotheses  imposed  there  are 
satisfied.  It  is  easy  to  see  that  all  of  these  assumptions  except  for 
(F.2)  are  satisfied.  However,  from  Proposition  1.43  and  Remark  1.44, 
we  know  t/+(A,a,b,0,«)  exists  for  every  b  <  +»  such  that 
\  >  ui(a,b,9),  9  c  (0,  ^-1  •  So  we  have  completed  the  proof. 

Lemma  4.26 

Assume  (r.2),  (F.6)  and  (w.1)  are  satisfied.  Let  0  <  9  <  y  be 
fixed.  If  U(£,»)  has  its  first  zero  at  z.,.  Then  9(£,x)  /  0 
for  x  e  [a, z.] . 


1 


WWW 


.v.vv;a,v.v.v.v> 


Proof 

If  not,  let  n  >  £  ^  0*  Then  9^  *  n  •  9  is  also  a  solution  of 
equation  (4. 17. a)  and  9l(a)  =  n»  9}U)  =  n  •  cot0.  Put  v  =  U(£,.). 
Since  9^(a)  —  q  >  £  =  v(a)  and  <p-j  has  a  zero  in  [a,zj]  there 
exists  an  x-j  such  that  9^(x^)  =  v(x.j)  and 

9l(x)  >  v(x)  >  0  for  x  £  [a,x.j)  . 


q> ^  (x ^  )  <  v'  (x)  . 

Let  4  as  defined  in  (4. 19. a).  Since  from  (4. 20. a)  and  the 
hypothesis  >  0,  $  '  >  0  in  [a,x^),  we  have 

#(£»*■})  >  $(£,a)  . 


(4.27) 


On  the  other  hand,  by  (4. 19. a) 

=  f ’(gtXjWgfXj)  -  U'(£,x)9(£,x) 

*  ~  [<p^(xi )v(xi>  -  v*(x1)<P1(x1)]  • 

Combining  this  with  9l(x.,)  =  v(x1>  >  0  and  9^(x1)  <  v'(x.,)  we 


obtain 


*(C»x.)  <  0  . 


This  together  with  (4. 21. a)  contradicts  (4.27).  The  case  £  <  0  can 
be  treated  similarly. 

Proposition  4.28 

Suppose  (r.2),  (F.6)  and  (w.1)  are  satisfied.  Let  \  >  0  and 
0  <  8  <  be  fixed.  Suppose  £  e  D*  (resp.  D~)  for  some  integer 
n  >  1,  and  assume 


n*(zk)9(zk)  <  0  (resp.  >  0)  (4.29) 

for  k  »  1,2,...,n  (where  zk  -  zk(£)),  then  for  any  $  >  zn  such 
that  U(x)9(x)  +  0  for  zR  <  x  <  we  have 


?<*)  >  ¥(a)  +  *(x) 


$(x)  -  <t(z  ) 
n 


?($)  -  y(z  ) 

(resp.  'f(x)  <  'Jta)  +  4(x)  - — 


*(x)  -  $(z  ) 
n 


where  ^(x)  =  ( 5  ,Sc )  etc. 


Proof 


(4.30 


We  only  carry  out  the  case  of  £  c  D*.  Let  zQ  =  a  and 
Ijj  *  ( Zjj.i » zk)  /  k  =  1,2,.. .,n.  Suppose  first  9  =  0.  Since 
9(a)  =  0,  Lemma  4.22  shews  9  cannot  vanish  in  1^.  If  0  <  0  < 
Lemma  4.26  implies  9  7*  0  in  I.  either.  Moreover,  for  all 
O<0<^>  if  k  >  2  the  interval  Ik  contains  at  most  one  zero  of 
9.  From  (4.29),  we  know  9  changes  sign  in  each  Xk  for  k  >  2. 
Also  note  that  9  /  0  in  by  hypothesis.  Thus  9  has 

exactly  n  -  1  zeroes  s1 ,s2, . . . ,sn_1  in  (a,£)  and  sk  e  Ik+1  foi 
1  <  k  <  n  -  1.  Define  points  xQ,x^, . . .  ,x~>n  by 

xQ  -  a  , 


x2k-1  *  2k'  1  <  k  <  n  , 

x2k  “  skf  1  <  k  <  n  -  1  . 

Then  clearly  ,x7n_^  are  the  first  2n  zeroes  of  0*9,  in 

their  natural  order,  in  (a, $). 


It  is  easy  to  check  that 


♦(Xj)  >  0  for  1  <  j  <  2n  -  1  .  (4.31) 

Indeed,  for  odd  j,  this  follows  from  (4. 19. a)  and  (4.29).  For 
even  j,  say  j  ■  2k,  this  due  to  the  sign  of  U  in  Ik+^  and  the 
sign  of  9*  at  sks  both  are  (-1)}c. 


VI.  /,  «■  >  ..  v.  - 
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Next,  set  p(x)  =  w'(x)/w(x)  for  x  >  a.  Since  U  •  9  and 
consequently  $ *  does  not  change  sign  in  (Xj_i»Xj),  by  the  Mean 
Value  Theorem  there  exists  tj  e  (xj_^,Xj)  such  that 

Xj  Xj 

J  p(x)4 ' (x)dx  =  p(tj)  J  $'(x)dx,  1  <  j  <  2n  .  (4.32) 

xj-1  xj-1 

From  (4.20),  p<5 *  =  -of*,  which,  together  with  (4.32),  leads  to 

cmxj)  -  4'(xj_1)]  =  -p(tj)  [*{x;})  -  «(Xj_1)],  1  <  j  <  2n  .  (4.33) 

Summing  up  from  3=1  to  2n  yields 

2n 

olH'tx)  -  ’i'(a)  ]  =  -  £  p(t^)[$(Xj)  -  <t(Xj.1)3 

j-1 

2n-1 

«  *«(x)p(t2n)  +  «(a)p(tj)  +  l  «(Xj) [p(tj+1)-p(t^)]  . 

By  hypothesis  (w.1)  and  (4.31),  (4. 21. a) 

c(T(x)  -  f(a)]  >  -♦(x)p(t2n)  . 

Finally,  to  obtain  (4.30),  we  use  (4.33)  to  eliminate  P(^2n^ 
from  the  last  inequality.  We  can  do  so  since  $*  does  not  vanish 

in  (x2n-1?x)* 

Lemma  4.34 

Assume  (r.2),  (F.6)  and  (\J>.3)  are  satisfied. 

Let  w  =  Min  w(x)  and  c  =  Max(  (^^  ( A)/w)  (ip^  < X ) /w )  ^  . 

xe{a,b] 


If  v  is  a  solution  of  (I)a/b  then 

|V|  <  c 

L*"[a,b] 


| v *  I  <  /X  •  c  . 

L* [a,b] 


(4. 35. a) 


(4. 35. b) 


I 


} 


Proof 


Suppose  v  attains  a  positive  maximum  at  s  c  (a,b).  Then 
v"(s)/v(s)  <  0.  Now  due  to  the  hypotheses,  equation  (1.4. a}  should  be 
read  as  (4.5)  which  implies  that 

X  -  iJ>.j(w(s)  [v(s)  [CT)  >  0 

and  hence 

v(s)  <  <  (^(XJ/w)17*7  .  (4.36) 

In  view  of  the  boundary  conditions  (1.4.b),  we  know  the  only  way 
that  v  could  attain  its  maximum  at  a  boundary  point  occurs  at  x  =  a 


and  when  0  =  — .  In  this  case  u’ (a)  =  0  and  u"(a)  <  0.  Thus,  the 
2 


same  argument  as  above  shows  (4.36)  holds  at  s  *  a.  Therefore,  we 
have 

v(x)  <  (ip^1  ( X )/w)  for  all  x  e  [a,b]  . 

A  similar  argument  for  negative  minima  of  v  yields 
v(x)  >  -(tp^CXJ/w) 1//ff  for  all  x  e  [a,b]  .. 

Thus  (4. 35. a)  follows.  Combining  (1.65)  with  (4. 35. a),  we  get 
(4.35.b) . 

For  the  next  result,  we  suppress  the  dependence  of  a  and  0 
from  our  notation. 

Proposition  4.37 

Suppose  (r.1)  and  (f.2)  are  satisfied.  Let  a  >  0  and 


0  <  6  <  ~  be  fixed.  Let  n  e  N  and  €  ^n  <resP*  ^nJ  such 


that  lim  (Xk*5k>  *  <x'5)  «  (resp.  PJJ  n  3^“)  then 


k+» 


lim  a£n(  Xj^,  5^)  "  +». 

k-M* 


Suppose  this  were  false,  there  would  exist  a  b  c  (a,®)  such 
that,  by  passing  to  a  subsequence  if  necessary,  zn^k'5k^  converges 
to  b  as  k  ♦  ®.  By  the  continuous  dependence  of  the  solution  on 
parameters 

U(Xk,Ck,.)  —  l-a--bl  ->  UU,5,.)  . 

Since  5  f  0,  U(X,£,«)  cannot  be  the  trivial  solution  and  hence  can 
only  have  simple  zeroes.  Therefore  U (X,£»»)  must  have  at  least  n 
zeroes  in  (a,®).  This  implies  (X,£)  e  P*  (resp.  Pn)  which 
contradicts  that  Z7*  (resp.  t?”)  is  open. 

Proposition  4.38 

Suppose  (r . 1 ) ,  (f.2)  and  (F.3)  are  satisfied.  Let  a  >  0  and 

0  <  0  <  —  be  fixed.  Let  [X,XJ  be  a  compact  subinterval  of  (0,®). 
2  ~ 

Let  =  bk(X)  c  R  be  such  that  yk(a,a  +  bk,8)  =  X.  Then,  for 
every  n  e  N,  if  b  >  bnU),  there  exists  a  positive  number 
en  *  en(X_,X'b)  such  that  if  0  <  |s(  <  sn  and  X  e  [X.»Xl  •  Ua(X»£,») 
has  at  least  n  zeroes  in  (a,b).  Moreover 

lia  za,n(x'C>  -  a  +  bn(*>  * 

5-0 

Proof 

Let  vx<£  »  5_1  •  Ua(X,?,»)  for  5  >  0,  then  vX/^  is  the 
solution  of  the  initial  value  problem 


-V"  -  tXr(x)  -  F(x,Ua(X,?,x) )]v  ,  (4. 40. a) 


v(a) 

-  0,  v* (a)  -  1 

if 

e  -  0  , 

v(a) 

-  1,  v' (a)  »  cot9 

if 

0  <  0  < 

IT 

2  * 

Next,  let  vx 

be  the  solution  of 

differential 

equation 

4-  *. 


O  o  V."  «  -  ^ 


-v"  -  Xr(x)v 

together  with  initial  conditions  (4.40.b).  Then  it  follows  from  the 


assumption  (F.3)  and  the  basic  theory  of  initial  value  problems  [35] 


lim  v,  ,  =  Vi 
A/t  A 

5+0 


lim  VX»5  *  VX 

5+0 

uniformly  on  compact  subsets  of  {(X,x)|x  >  0,  x  >  a}.  Pick 
b  >  bn(_X).  Since  yn(a,*,6)  is  a  decreasing  function,  b  >  bn(X) 
for  X  €  [_XyX] .  Thus,  there  is  an  en  =  eR(_X_»X,b)  such  that  for 

0  <  5  <  en  and  X  e  [_X_,X]  the  function  is  defined  and  has  at 

least  n  2eroes  in  (a,b).  Moreover,  the  first  n  zeroes  of 

tend  to  those  of  as  5+0. 

The  case  -en  <  5  <  0  can  be  treated  similarly. 

Now  we  are  ready  to  verify  Proposition  4.12. 

Proof  of  Proposition  4.12 

We  only  verify  the  result  for  D*.  Recall  that  p  was  defined 


in  (4.16).  Suppose,  for  every  [  £  Dj 

9<e,zn(£))/U'(5,znU»  <  0 

then  the  equation  U(5,zn(?)>  =  0  yields 


dzn<5) 


9<5'zn<£>> 

o'<£*znU>> 


(4.41) 


(4.42) 


and  hence  (4.13)  immediately  follows  from  (4.41). 

Next,  we  prove  (4.41)  by  induction  on  n.  By  (4.17.b)  and  Lemma 
4.22  in  case  of  8  «  0,  or  Lemma  4.26  otherwise,  we  know 


V.V.V.V.-.WVV/'/V ■■  \. ■> ■  .  .v.v.v  . 


?(£/zl(0)  >  0.  This  together  with  U'(5#z^(5))  <  0  implies  (4.41) 
holds  for  n  =  1. 

Suppose,  for  n  >  2,  that  (4.41)  is  established  for  all  indices 
up  to  n  -  1  and  suppose  there  exists  a  e  D+  such  that 

<p(C0'zn^0^  =  °*  Then'  by  Lemma  4.22,  <p(50,x)  /  0  for 

x  c  (zn_i ($g)  •  zn(?0))  *  Using  the  induction  hypothesis,  (4.29)  holds 
for  1  <  k  <  n  -  1.  Thus  applying  Proposition  4.28,  we  get 

Y(x)  -  f(z  ) 

Y(x)  >  ’y(a)  +  $ (x )  - Sri-L-  . 

*(x)  -  4(z  ) 

n- 1 

Letting  x  =  zn(Cg)  and  using  the  fact  that  4 (5q, z^^q)  )  =0  we 
obtain 

T(50'zn<5o)>  >  *  (4*43) 

In  case  of  0=0,  by  (4.21-b) 

=  So  *  ®  • 

If  0  <  0  <  j  by  (4.21.b) 

f(50,a)  *  5Ocot20  -  U"(5,a)  . 

Since  w’(a)  >  0  and  w(x)  >  0  for  x  >  a,  by  hypothesis  (w.1), 
w’(x)  >  0  for  x  >  a.  Thus  applying  Lemma  4.23,  we  have  U"(£,a)  <  C 
and  consequently 

T (C0,a)  >  0  . 

Thus,  in  all  situations  0  <  0  <  f(C0,a)  >  0  and  hence,  by  (4.43), 

*t*0'*n<5on  >  °  ’  (4.44) 

On  the  other  hand,  we  know  zn(50)  is  the  n-th  zero  of  U(50,») 
and  the  (n  -  1)-th  zero  of  <p(50,» )  in  (a,»).  By  (4.1.b)  and 
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■"  p"  p  t  i 


/  v  v; 


~rr<rj\rj-v*  v. 
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(4. 17.b) ,  it  is  easy  to  check  that  4>  C  5  o » zn  ( 5  0 )  )  =  ?'Uo,zn(5o*!  * 
U* (gg,zn(gQ) )  is  negative.  But  this  is  contrary  to  (4.44).  Thus, 
there  is  no  Zq  e  Dn  such  that  <p(?0'zn^0^  =  0  and  consequently 
<p(?,zn( £ ) )/U' ,zn( £ ) )  is  of  constant  sign  on  each  connected 
component  of  D*. 

Suppose  there  is  a  nonempty  connected  component  C  of  D*  on 
which  the  sign  is  positive.  Then  it  follows  from  (4.42)  that  the 


1 

S 


& 


► 

S? 

k 


function  zn  is  monotonically  decreasing  on  C  and  hence  choosing 
(  C  and  setting  b  “  zn(£^)  we  have  zn(£)  <  t>  for  every 
Z  £  CD  [£i ,*)•  Since  Cfl  is  a  nonempty  connected  open  set 

it  must  be  an  interval  5  2  *  +°>*  Suppose  £2  <  +0°*  By 

Proposition  4.37 


lio  zn(£:>  *  +® 

which  is 

contrary  to  that 

zr(5)  <  b  for  all 

Z  e  Uv52>- 

Hence 

C2  -  -H- 

and  (Ci ,°°)  C  C. 

Let  v^(x)  *  U(5,x) 

for  x  c  [a, 

*n<5>! 

Then,  by  Lemma  4.34  and  zn(£)  4  b  for  Z  e  [£•),«),  |v’j 

5  L*[a,z  (£)] 
n 

are  uniformly  bounded.  This  contradicts  to  v£(a)  =  £.  Therefore 

(4.41)  holds  on  all  of  D+. 

n 

Now  we  are  going  to  show  D*  contains  only  one  connected 
component.  Suppose  (tV|*r,2^  ig  a  connected  component  of  D*  by 
(4.13)  we  know  that 

lim  zn(£)  ■  Inf  zr(£)  • 

5-*,n1  (n.,#n2) 


On  the  other  hand,  if  I1  0  ft  follows  from  Proposition  4.37  that 
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'>  TV' ViT-  1. 


lim  zn(£)  =  +0D  • 

Thus,  n1  must  be  zero,  otherwise  we  would  have  a  contradiction. 
Since  (n-j/r^  is  an  arbitrary  connected  component,  we  conclude 
that  DR  contains  only  one  connected  component  and  has  the  form 
(0,12*)  where  0  <  ft*  <  +®. 

Finally,  if  ft*  <  +®  we  obtain  (4.14)  from  Proposition  4.37. 
If  ftn  =  +®  and  (4.14)  were  false,  then  there  would  exist  b  >  a 
such  that 


lim  zn(?)  =  sup  zn(?)  4  b  . 

(0,®) 

By  letting  v^(x)  =  U(§,x)  for  x  e  [a,zn(£)J  and  using  Lemma  4.34 
it  would  lead  a  contradiction  as  before.  This  completes  the  proof. 
Remark  4.45 

From  the  above  proof  we  know  if  £  e  D*  or  D~,  (4.18)  implies 

$(5/2k(5))  *  u' (S/Z^f?))  <  0  f°r  1  <  k  <  n.  Thus  the  zeroes  of 
9(5* •)  and  those  of  U(£,»)  are  interlaced. 

Proof  of  Theorem  4.6 

By  (4.13),  we  know  S+  as  well  as  S”  contains  at  most  one 

n  n 

element.  However,  Proposition  1.43  and  Remark  1.44  indicate  that 
S*  and  S~  are  nonempty.  Thus  the  result  follows. 

Since  the  proof  of  Theorem  4.7  needs  more  preliminaries  and 
Theorem  4.10  is  closely  related  to  Theorem  4.6,  we  prove  Theorem  4.10 
first. 


Proof  of  Theorem  4.10 


T(y,v)  = 


v"  +  UV  -  4>-)(w[v | ff)v,  if  v  >  0 


(  v"  +  yv  -  i{i2  ( w ! v  |  0  )v»  if  v  <  0  . 

Then  T  :  R  x  Cg[a,b]  -►  C[a,b]  where  C2  =  {g  e  C2 [a,b] | g(a)cos0  - 
g* (a)sinO  =  0,  g(b)  =  0}.  Let  (X,u)  be  a  zero  of  T  with 
u  e  S*  ,  _(X/0).  If  T  (X,u),  the  FrSchet  differential  of  T  with 

dfUfU  V 

respect  to  v,  is  an  isomorphism,  then  the  hypotheses  of  the  implicit 

function  theorem  [30]  are  satisfied  and  hence  there  is  an  e  >  0  and 

a  C^-mapping  jj  -*■  u*(y)  for  J u  —  A  |  <  e  such  that  T(y,u*(y)5  =  0. 

Thus,  it  suffices  to  shew  Tv(X,u)  is  an  isomorphism  for  every  pair 

(X,u)  such  that  u  e  S*  ^  n(X,0)  or  equivalently  to  show  that  0  is 

not  an  eigenvalue  of  Tv(X,u)  [35]: 

[ 9^j+[X-i{>i(w|u|a)-ai{>J(w]u]CT)w|u!0]<?1,  if  u>  0 

Tv  ( X ,  u )  <p  1  =  4  (4. 46. a) 

(.'Pi'*' tX— ^2 ( w f ^ ^ ^ ~cr4<2 (wfu{<T)wjviJcr](?>1,  if  u  <  0  , 


(jj^(a)cos0  -  9^(a)sin0  =  0,  <p(b)  =  0 


(4.46. b) 


Let  u  £  v  _ ( X , 9 )  •  Let  c  *  u'(a)  if  9-0  and  £  =  u(a)  if 

0  <  0  <  then  La(X,5,9,x)  =  u(x)  for  x  e  [a,b]  and 

r.  (X,5,9)  =  b.  Suppose  0  is  an  eigenvalue  of  Tw(X,u)  with 

eigenfunction  Multiplying  by  a  constant  if  necessary,  <p.j 

satisfies  (4.17.b).  By  the  basic  uniqueness  result  of  initial  value 
a 

problems  9.  -  —  U  (X»C»9 ,• )  -  9(5, •).  But  from  Remark  4.45,  we  kne 
9<C»b)  f*  0  which  is  contrary  to  (4.46.b).  Thus  we  complete  the 
proof. 

Now,  we  continue  with  the  preliminary  work  needed  for  the  proof 
of  Theorem  4.7.  Let  X  >  0  and  0  <  9  <  For  n  >  1,  we  define 


Ca, n(x'9)  (resp*  C;,n{A,e))  =  {5|Oa(X,C»e#*>  c  Sj#n(X,0) 
(resp.  Sa,n(A'9^  * 

Again,  for  convenience,  we  will  suppress  dependence  on  X,  9 
or  a  from  our  notation  whenever  it  is  considered  fixed. 
Proposition  4.47 

Let  a  >  0,  X  >  0  be  fixed.  Under  the  same  hypotheses  as  in 
Theorem  4.7,  we  have 


(i) 

0i 

-  {n 

7> '  27 

= 

(ii) 

For 

n 

>  2,  Q+c 

:  <resP- 

(iii) 

If 

+  c 

04 

(resp. 

Qj  /  *  then  £  Q+ 

<iv) 

If 

2n 

(resp. 

q~)  contains  a  unique  < 

(resp. 

Proof 

Let 

n  > 

1.  Pick 

an  increasing  sequence 

lim  5k  * 
k+» 


vk(x)  = 

By  Proposition  4.37 


U(£k,x)  if  x  e  la»zn(5k^ 
0  if  x  e  UnUk*'"5 


lim  VSk*  =  +eo 

k>« 


(4.48) 


From  the  Remark  4.4,  we  know  the  Hypothesis  of  Theorem  1.2  are 
satisfied.  Hence,  by  Lemma  1.57  and  arguing  like  the  proof  of  Theorem 
1.2  we  have  a  prior  bounds  on  v.  and  obtain  a  subsequence  {vk  } 
and  a  v  e  C2(a,«)  D  H^a,-)  such  that 
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Vj,  *  ~  •»  v  uniformly  on  compact  subintervals  of  [a,«) 

Kl 

for  x  £  Ia,<=).  Thus,  by  the  uniqueness  result  for  the  initial  value 
problem,  v  =  Also  note  that,  from  (4.48),  U(fi*,.)  has  at 

most  n  -  1  zeroes  in  (a,®). 

For  n  =  1,  it  is  clear  that  v  e  S*.  Hence,  by  Theorem  1.5, 
(i)  follows. 


for  x  e  (zn_i(£) ,») .  Then  there  exists  a  t  e  (zn_1(C)#®)  such  that 

'f(5,t)  >  0  .  (4.52) 

Proof 

From  Remark  4.45,  we  know  (4.29)  holds  for  1  <  k  <  n  -  1. 

Hence,  it  follows  from  (4.30)  that 


¥(x)  >  4<(a)  +  $(x) 


>?(x) 
4  (x) 


*(z (C)  ) 


(4.53) 


for  x  €  {zn_.j(5)/“).  Let 

S  =  Inf {x| w1 (x)  >  0}  .  (4.54) 

By  assumption  (w.2),  we  know  E  <  +°°. 

Suppose  E  >  2n_i(5)*  The  assumption  (4.51)  together  with  (4.20) 
implies  $'(x)  <  0  for  x  «  (zn_1(C),B).  So 

*(x)  <  *(zn.1(5))  .  (4.55) 

Similarly,  f (x)  <  0  for  x  e  (zn_.,(S),E).  Hence 

H»(x)  <  H'(zn_1  ( 5 )  >  .  (4.56) 

By  Remark  4.45  with  k  =  n  -  1,  (4. 19. a)  yields  4> ( zn_ -j ( 5 ) )  >  0. 

Hence,  there  exists  a  6  -j  >  0  such  that  $(x)  >0  for 
x  «  lzn_i (5) ,zn_i (?)  +  6 1 ] .  Combining  this  with  (4.54)-(4.56) ,  we 
obtain 


T(x)  >  ?( a)  . 

From  (4.21.b)  and  Lemma  4.23, 

T(a)  >  0  .  (4.57) 

Therefore,  7(x)  >0  for  x  €  [z^.,  (£)  ,zn_1  (£)  +  S^* 

If  E  <  zn_1(5),  by  (4. 20. b)  and  (4.51),  f(x)  >  0  in 
(zn_1  ($)  §<*)  •  Hence,  by  letting  Lj  »  lim  ¥(x),  where  <  Lj  <  +«• 

X+ao 


1 


we  have 
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1*1  -  fix)  >  0  for  x  c  (4.58) 

and  (4.52)  easily  follows  if  >  0.  To  show  L1  >  0.  Note  that 

from  (4. 20. a)  and  (4.51),  $'(x)  <  0  in  (zn_i  (£) '°°)  •  Thus,  by 
letting  L2  =  lim  $(x)  where  <  L2  <  +»,  we  have 


1*2  -  $(x)  <  0  for  x  e  [zn_  1  ( 5 )  ,00 )  .  (4.59) 

Letting  x  -►  +®  in  (4.53)  yields 

L1  >  f(a)  +  L3(L.j  -  ¥(2^(5)))  (4.60) 

where 

1  if  L2  =  '-co 

L3  = 

.I*2/(L2  -  4(zn_i(C)))  if  L2  >  . 

Suppose  L2  <  0.  By  (4.59),  we  get  L^  >  0.  Combining  this  with 
(4.58)  and  (4.60),  we  obtain  Lj  >  f(a) .  Sy  (4.57),  >  0. 

Therefore  it  remains  to  show  L2  <  0.  We  argue  indirectly.  Note 
that,  by  Lemma  1.7,  we  know 


lim  U(x)  =  0  . 
x+» 

Since  (g/U)  '  =  $/U^  -*■  +®  as  x  +»,  if  Lj  >  0,  we  have 
(g/O)  -*■  +«  as  x  +  +».  But  this  violates  (4.51).  So  we  must  have 
L2  4  0.  This  completes  the  proof. - 
Lemma  4.61 

Assume  the  hypotheses  of  Proposition  4.12  are  satisfied.  Let 
5,rj  €  for  some  n  >  2  and  5  <  n*  Then  for  x  >  z^^n)#  we 


have 


|u(C,x)|  >  | U { n ,x ) | 


Proof 

Prom  Proposition  4.12,  we  have  zn_.j(n)  >  zn_-)(£).  Next,  by 
Theorem  1.5,  CJ(C,x)  =  (X ,  zn-1  (£) ,»,  0,x)  for  xe  [zn«i  (£ )  ,«) 

and  U(n,x)  =  Vx  (nj  ( X  ,zn_i  (n  )  »°5/ 0»  x)  for  x<  [zn_- jfrj),*)-  (Recall 
the  function  r  was  defined  in  (2.53).)  Invoking  (1.50),  we  have 


I  (n)  ^  ' 2n- 1  ^ ,<=0 '  ® 'x^  !  J  |  l/T  (n )  (  X # zn_ i  { r| ) ,® , 0,x )  | 

for  x  e  [zn_.j  (n ) ,»)  and  thus  the  result  follows. 

Remark  4.62 

In  this  section,  since  f(x,y)  is  assumed  to  be  continuously 
differentiable,  the  hypothesis  (f.1)  is  clearly  satisfied.  Hence,  as 
pointed  out  there,  the  inequality  (1.50)  as  well  as  others  should  be 
interpreted  in  the  strict  sense.  In  the  remainder  of  this  section,  wi 
will  use  this  fact  without  further  comment. 

Proof  of  Proposition  4.49 

Let  us  define  the  function  E  =  E(£,x)  by 

i  ,  .  ,  «(x> 

—  u'  (x)  +  —  u (x)  -f  ip*  (w(x)  |y  |c)ydy  if  u(x)  >  0 

0 


E(5,x) 


1  ,2,  ,  ,  X  2.  , 

—  u'  (x)  +  —  u  (x) 


u(  X  ) 


f  ij<2(w^x^  lyICT,ydy  if  u^x)  <  0 
0 


where  u  =  U(£,«).  Then 


3E 

3x 


u(x) 

u,u"+Xuu,-^|»1(w[u|a)uu,-  f  <[»i(w|y|°)w'  |y|aydy  if  u(x)  >  0 

0 

u(x) 

u'u"+Xuu'-^2(w|u j^Juu’-  J  'l'2^wlyI°>w'  lyl0ydir  if  u<x)  <  0 

0 


Substituting  (4.5)  into  the  last  equation,  we  obtain 


-  f  <J/}(v|y|°)w*  |v|aydy  if  u(x)  >  0 

,E  ° 

h"  , ,  <*•«> 

t(x) 

-  I  w [y { a ) w-*  |y|°ydy  if  u(x)  <  o  . 

0 

Next,  letting  qj  =  <p(5,<),  then 

gE  u  *  ^  *  +  Xug  -  ilz-jCv^ut^Jug  if  u( x )  >  0 

— ——  z:  ■ 

^  u'<p'  +  Xuiy  -  4)2{w!'J|a5UlP  if  U(x)  <  0  . 

Combining  (4.5)  and  (4.19.b)  with  the  last  equation,  it  follows  that 


If-  '«•*> 


(4.64) 


If  5  €  Q+,  u  =  U{£,»)  £  H^fa,®).  This  together  with  Lemma  2-12 

1  *  A 
implies  E(5,*)  £  L  [a ,«) .  Let  s  =  Max(b,z  ,  (5))  where  b  was 

n-1 

defined  in  (w.2).  We  claim  that  E(£,*)  is  decreasing  on  (s,®)  and 


therefore,  we  have 


E(5,x)  +  0  as  x  ® 


(4.65) 


Indeed,  if  U(5,x)  >  0  for  x  e  (zn_^(?),®)  (4.63)  together  with 

(w.1)  and  (w.2)  shows  that  E(5,»)  is  decreasing  for  x  £  (s,®).  If 
0(5, x)  <  0  for  x  £  { zn_q (5 ) »•) »  (4.63)  yields 

0 

f“  *  J  \J)^(W(X)  |y!°)w' lyjOydy  . 
u(x) 

Combining  with  (w.1)  and  (w.2)  again  shows  that  E(5,»)  is  decreasing 
on  (s,®). 

Consider  those  5  £  such  that  there  is  a  decreasing  sequence 
(5k>  ln  Cj  which  converges  to  5  as  k  ♦  ®.  Ihen,  by  (4.13), 
*n_^(5)  is  the  limit  of  the  decreasing  sequence  Hence, 

for  every  x  >  zn_|(?)»  we  have  x  >  provided  k  is 


-■  -•  -■  V 


sufficiently  large.  From  Lemma  4.61  we  know 


|u<$,x)|  >  |0(5k,x)|  (4.66) 

for  x  t  (zn_1 (£k) ,») . 

\ 

If  U(£,x)  >  0  for  x  e  (zn_.,(5) ,«)  then  U(([k,x)  >  0  for 
x  €  (2n-1 (5k) '*) *  Thus,  by  (4.63)  and  (4.65),  we  have 

•  U(?,t) 

E(£,x)  =  /  /  ij)^(w(t)  |yj0)w' (t)  )y|CTydydt 

x  0 

for  x  e  (zn-1 (?)/«)  and 

-  u(vt} 

E(£k,x)  =  //  i|>}(w(t)  |y  |a)w*  (t)  [y|CTydydt 

x  0 

for  x  e  (zn^i (5k) ,<») .  Combining  this  with  (4.66),  we  get,  for  any 

x  >  zn-1(5>' 

E(Ck/X)  <  E(£,x) 

provided  k  is  large  enough. 

3e 

Since  is  known  to  exist  the  last  inequality  together  with 

(4.64)  implies 


T(?,x)  <  0  (4. 67. a) 

for  every  x  >  zn_1(?).  However,  (4.66)  and  (4.16)  also  show  that 
<p(5,x)  is  nonpositive  on  [zn_.j (£),«) .  Since  g(£,«)  is  a  solution 
of  (4.17)  it  has  only  simple  zeroes.  Therefore 

*(5,x)  <  0  for  x  c  (zn_.,(5),»)  (4.67.b) 

and  hence 


0(C,*W5'*>  <  0 

in  (zn_j  (£) ,«).  By  Lemma  4.50,  there  exists  an  x  c  (z^.)  (£ ) ,») 
such  that  ’?(£,x)  >  0  which  is  contrary  to  (4.67). 


_ ... 


If  U(5,x)  <  0  for  x  €  (zn_i 


(C)/*>)»  the  same  line  of  reasoning 


with  only  the  sign  of  (4.67.b)  reversed  yields  a  contradiction  to 
(4.67).  Therefore,  if  £  c  Q*  it  cannot  be  the  limit  of  a  decreasing 
sequence  (5^}  C  Q*.  Likewise,  with  slight  modifications  in  the  above 
argument  it  cannot  be  the  limit  of  an  increasing  sequence  in  Q*. 

Since  any  convergent  sequence  contains  a  monotone  subsequence,  the 
proof  is  completed. 

Recall  the  notations  !/+  ( X  ,a  ,b,  0  ,x)  and  (jr(a,b,9)  which  were 
defined  in  Remark  1.6  (b)  and  (1.41)  respectively. 

Lemma  4.68 

Assume  (r.1),  (F.1)-(F.4)  and  (f.1)  are  satisfied.  Let 
b  e  (a,«)  and  X  >  y.,(a,b,0).  Then,  for  x  €  [a,b] 

l/;(A,a,b,6,x)  =  U![(A,(/iU,a,b,e,a),0,x)  if  0  =  0, 
VJ(X,a,b,9,x)  =  U4(A,(/±(X,a,b,9,a),0,x)  if  0  <  0  <  ~  . 

Proof 

It  simply  follows  from  Theorem  1.5,  the  definition  of 


V±(X,a 

,b,0,»)  and  that  of  Ua 

( X,£ ,0, • ) . 

Lemma 

4.69 

Assvne  the  hypotheses  of 

Proposition 

4.12  are  satisfied. 

Suppose 

X  >  ui 

(a,b,9).  Let  £  *  V4.(X, 

a,b,0,a)  (resp. 

VI)  if  9  =  0 

or 

5  -  K 

(X,a,b,9,a)  (resp.  K_) 

if  0  <  e 

<T 

Let  t\  =  i/+(X,a 

,b,0 ,b) 

(resp. 

(i) 

If  n  <  (resp. 

>  <4,n<0,> 

then 

^  >  «a,n+1«9> 

(resp.  <  na,n+1(9^* 

(ii) 

If  n  >  Ob,n<0)  (resp. 

<  <n<°» 

then 

5  <  nI,n+1(0) 

(reap.  >  (9) } * 

Sm  - 


Proof 


(i) 

if  n  <  flb,n(0) 

by  Proposition  4.12,  n  £ 

Db .« <«)• 

5  i  <n+1<0>* 

Thus,  by  Proposition  4.12, 

we  know 

5  >  nI,n+1<0>* 

(ii) 

if  n  >  O^B(0) 

,  by  Proposition  4.12  t)  e 

°b,n<0)- 

5  c  Da,n+1<0>* 

Thus,  by  Proposition  4.12, 

we  have 

^  <  «a,n+1<0^ 

Proposition  4.70 


Hence 


Hence 


Assume  the  hypotheses  of  Theorem  4.7  are  satisfied.  Let  X  >  0, 

0  <  0  <  ~  be  fixed  and  n  >  2.  If  a  >  a  >  0  and  Q+  _(9)  (resp. 

2  a  [ii 

e”>n(e>)  f  <p,  then  Qa,n(9)  (resp.  Q~/n(9))  *  9* 

Proof 

We  suppress  A  from  the  notations  1 /+,  Ua,  and  etc.  Let 

5  €  Q+fn(Q)  and  suppose  Ua(5,9f»)  has  interior  zeroes  at 

*■)  t*2'  •  *  •  ,xn-l  •  Ifc  c^-ear  that 
* 

V+(a#x1 ,9 ,x)  if  x  e  [a,x^J 

Ua(£,0,x)  =  J 

^x(i)  {xi-1'xi,0,x^  if  x  €  txi-vxil*  2  <  i  <  n 
where  xn  *  +0®  and  the  function  t  was  defined  in  (2.53). 

Since  X  >  Ui(arX^#8)  >  u-j (a,x.j, 9  ) ,  by  Proposition  1.43 
l/+(a,x.j,9,»)  exists.  By  Corollary  1.45  (ii)  if  0  =  0  or  by 
Corollary  1.45  (iii)  if  0  <  9  <  we  know 

|V|(a,xi,9,x)  (  >  [^(aiX^S/X)  |  • 

Since 


^|(a,x1,9#x1)  =  1^(5, e,xj) 


l'i(xVx2*°'x1) 


we  get 


|l/|(a,x1,8,x1)  |  >  |(/.l{x1,x2,0,x1)  | 


(4.71) 


Now  letting  xQ  =  a  and  looking  at  l)^xo,x1'®'*^  an<i 
^T(i) ^xi-1'xi' i *  2  <  i  <  n,  with  the  inequality  (4.71),  we  satisfy 
the  hypotheses  of  Lemma  2.52.  Hence  there  exists  a  v  e  s*  n(0). 
Letting  r)  =  v’  (a)  if  0  =  0  and  letting  n  =  v(a)  if  0  <  8  <  ~ 
we  have  n  e  Q+  _{0) . 

d  f  H 

Proof  of  Theorem  4.7 

Let  X  >  0  be  fixed.  Since  for  every  0  <  0  <  ^  and  for  every 

a  >  0,  ot  i(0)  as  well  as  o!  .(8)  contains  a  unique  element  it  is 

sufficient  to  prove,  by  induction,  the  following  statement: 

If  for  every  0  <  0  <  — ■  and  for  every  a  >  0,  Q~  (0)  (res p. 

2  <*fn 

Q+  (6))  contains  at  most  one  element,  then,  for  every  0  <  0  < 

d/H  2 

and  for  every  a  >  0,  Qa>n+-|(0)  (resp.  2a,n+1^9))  cannot  have  more 
than  one  element.  (4.72) 

Suppose  there  exist  a  >  0  and  0  <  0  <  such  that 
®a  n+1^9^  contains  more  than  one  element.  By  Propositions  4.47  (Mi) 
and  4.49,  there  is  a  ^  £  2a,n+1*®^  such  that  ^a,n+1  *  '5  1  ^  ^ 

c£,n+1<0)  *  *'  b  =  za,1(Ra,nf9)'e)  and  s  =  za ,  1  <5  1 'e  >  *  Take 

any  a  €  (a,b)  such  that  u.j(afb,0)  "<  X*  Then,  by  Corollary  1.45 
(ii)  or  (iii) , 

l/4-(a r s , © ,s )  <  l/+(a#s,0,s)  • 

Let  ^ 2  ”  V^(£i,d ,s) .  From  Lemma  4.68 

l/|(a,s,0  ,s)  =  52  • 

thus,  letting  £3  =  l/|(a,s  ,0,s) ,  we  have 


<  53  * 

Since  e  £?s  by  the  in(iuction  hypotheses  and  Proposition  4.47 


This  yields 


«3  >  «;,„<•> 


By  Lemma  4.69  (ii),  we  have 


l/;(a,s,0,a)  <  n£fn+1(0) 


V+(a,s,e,a)  <  n*/n+1(9)  if  0  <  0  <  ~ 


(4.73) 


Since  Q~  n(0)  ?  <?,  by  Proposition  4.70,  we  know  Qg>n(0)  7*  V  foT 
g  €  [b,s).  Together  with  the  induction  hypothesis  and  Proposition 


4.47  leads  to 


for  0  e  [b,s). 


Now  we  verify  that,  for  any  a  e  (a,b)  such  that  u^(a,b,0)  <  X 


and  for  any  0  e  (b,s) 

(/;(a,e,e,8>  >  fljfn(0>  . 

Suppose  (4.74)  were  false,  by  Lemma  4.69  (i) 

V;(a,B,0,a)  >  a*,n+1(°> 

and 

l/+(a,8,9,a)  >  nj,n+i(0)  if  0  <  9  <  2 

Since  8  <  s,  by  Corollary  1.45  (i), 

V^(a,8,0,a)  <  y;(a,s,0,a) 


(4.74) 


Thus, 


V+(a,8»9,o)  <  V  +  (a,s,0,ci)  if  0  <  9  <  j  . 


V;(a,s,0,a)  >  nu,n+1(0) 


1 

i 
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V+(a,s,e,a)  >  na>n+1(9)  if  0  <  6  4  ~ 
which  would  contradict  (4.73). 

Next,  pick  a  g  e  (b,s)  and  let  a  -*•  a.  It  follows  from  (4.74) 

that 

lim  (/+(a,6,e,3)  >  * 

a+a 

By  Proposition  1.76,  we  get,  for  all  0  e  [o,  -j] , 

l/4.(a,B,9,g)  >  «g<n(0)  •  (4.7S) 

Since  g  c  (b,s),  by  Corollary  1.45  (i), 

V|(a,b,0,a)  <  (/+(a,g,0,a)  <  ^(a,s,0,a) 
and  (4.76) 

V+(a,b,0,a)  <  l/+(a,g,0,a)  <  l/+(a,s,0,a)  if  0  <  0  <  ~  . 

Let 

if  0  =  0 
if  0  <  0  <  j  • 

Since  b  =  za,  1  ^a,n+1  ^ ,9 ^  and  s  *  za,l(5l'9^'  (4.76)  leads  to 

nJ,n+1(9)  <  U  <  ^1  *  (4*77) 

Suppose  equality  holds  in  (4.75).  Then  it  is  clear  that 
^4  €  ®a,n+1^9^*  But  this  together  with  (4.77)  leads  a  contradiction 
to  the  fact  that  ({l* ,n+1 J »£ 1 ^  ^  ^a,n+1'9^  *  9*  Therefore  we  must 

have 

l/;(a,8,6,S>  >  (Jg<n(0)  . 

By  Lemma  4.69  (ii),  this  leads  to 

U  < 

which  is  contrary  to  (4.77).  Thus  we  complete  the  proof. 


V|(a,S.0,a) 

(/+(a,B,9,a) 


■ 

W 
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Now,  it  remains  to  prove  Theorem  4.11.  We  first  prove  two  lemmas 
from  which  the  result  is  immediate,  so  as  to  simplify  a  later  argument 
in  Theorem  5.1. 

V 

Lemma  4.78 

Assume  the  hypotheses  of  Theorem  4.7  are  satisfied.  Let  a  >  0, 

0  <  6  <  be  fixed.  Then  are  continuous  functions  of  X  and 


lim  n=(X)  =  0 
X-0+ 


(4.79) 


Proof 


From  Corollary  1.72  and  (1.?5.a),  there  exists  a  continuous 


function  k(X)  such  that 


lim  k(X)  =  0 
X>0 


a£(X>  <  k(X)  . 


Thus  (4.79)  immediately  follows. 


Next,  for  the  continuity  of  fl*(X).  Let  {Xk}  be  a  sequence 


such  that 


lim  Xk  =  XQ  >  0  . 


Since  {Xk}  is  bounded,  by  Corollary  1.72,  {fl*(X)}  is  bounded.  By 

passing  to  a  subsequence  if  necessary  there  is  a  number  LR  such  that 
a^(Xk)  -*-1^  as  k  «.  Since  (Xk»n*(Xk))  e  3t?*,  (Xg^)  e  3fl„  and 
hence  L,^  «  3D^(Xq).  From  Proposition  4.38,  we  know  1^  f  0.  Hence, 
by  Proposition  4.12,  1^  «  O^(Xg).  Since  any  convergent  subsequence 


of  {&*(Ak)}  must  converge  to  fl*(A Q)  we  have 

lim  fl+(A)  =  nj(x0)  . 

*«*0 

fl“  can  be  treated  similarly. 

Proposition  4.80 

Assume  (r.1),  (F.1)-(F.4)  and  (f.1)  are  satisfied.  Let  a  >  0, 

0  <  0  <  ~  be  fixed.  Consider  Aq  >  0,  £g  >  0  (resp.  <  0)  and  a 

sequence  (Ak,j;k)  C  Vq  (resp.  £>g)  such  that 

lim  (Ak*£k)  =  •  (4.81) 

Jc+eo 

Suppose  furthermore  that,  for  k  =  0,1,2,...,  vk  =  ua(Xk»£k,0  ,•  )  is  a 
solution  of  (I)a  with  A  =  Ak  in  (1.1. a).  Then  vk  ♦  Vg  in 
H^[a,<*>)  n  L"[a,«)  as  k  +  <». 

Proof 

From  Lemma  1.7,  we  know  vk(x)  +  0  and  vk(x)  +■  0  as  x  ■►  «. 
Thus,  a  similar  argument  to  the  one  used  to  obtain  (2.1.5)  yields 


/  v'2(t)dt  <  -v£(x)vk(x)  +  A  /  r(t)vk(t)dt  .  (4.82) 

X  X 

From  Corollary  1.56,  we  know  , 


y_(Ak,a,<»,x)  <  vk(x)  <  V+(Xk,a,«*>,x)  . 

Put  X  *  sup  {Ak}.  Corollary  1.17  tells  us  that 
k>0 

!V+(Xk,a,«,x)  |  4  ](/±(X»a,«,x)  |  respectively 
Therefore,  letting  c(x)  *  Max{l/+(X,a,»,x) ,  U_(X»a,«,x)} 

|vk(x) |  <  c(x) 


(4.83) 


(4.84) 
we  have 

(4.85) 


and  clearly,  by  Theorem  1.2 
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From  Corollary  1.72,  we  know 

Iv'l  »  <  VXk,a)  <  K4(X,a)  . 

L*[a,®) 

This  together  with  (4.85)  and  (4.86)  implies 

lim  |vk(x)v£(x)[  =  0  uniformly  in  k  . 
x+°° 

"  2 

Also,  (4.83),  (4.84)  and  /  1/  (X,a,«,t)dt  +0  as  x  -*•  «  imply 

x 

00 

lim  /  v2(t)dt  «  0  uniformly  in  k  . 
x+«  x 

Therefore ,  from  (4.82)  we  know 

00 

lim  f  v£2(t)dt  =  0  uniformly  in  k  . 

x.®  x 

Thus,  given  e  >  0,  if  x  is  large 

00  • 

f  v£<t)dt  +  /  v£2(t)dt  <  e  for  all  k  >  0  . 
x  x 

Since  (Xk,£k)  *  (X0,50),  the  basic  theory  for  continuous  dependence 
of  initial  value  problems  leads  to 

J*  K  -  vol2  +  H  -  v&l2dt  <  e 

a 

for  large  k.  Hence 

iv„  -  'o'2.  ■  J*  I’k  -  vol2  +  K  -  v6l2dt 

K  w  H  (a,-)  a 

*  I  lvk  -  vol2  +  K  -  vo!2dt 

x 

<  c  +  2  /  v2(t)  +  V2(t)  +  v£2(t)  +  v$2(t)dt 


Since  for  any  x  e  ta,») 


-  IVI JIAW  KF*J\*J\Kn  i 


ro  V,"  V.*,  '<■  <■  V.^WVw^wTTfv 


§5.  BIFURCATION  FROM  THE  LOWEST  POINT  OF  THE  CONTINUOUS  SPECTRUM  OF 
THE  LINEARIZED  OPERATOR 

In  this  section,  our  aim  is  to  give  a  bifurcation  result  which  is 
applicable  to  more  general  nonlinearities  than  those  of  §4,  that  is, 
F(x,y)  satisfies  (f,2),  (F.2),  (F.3),  (F.4)  and 

(F.7)  There  exist  5  >  0,  X  >  0  and  functions  ^  e  C1 ( [0 ,®) , [0 ,«) ) , 

w  «  C*(  (0,») ,  (0,®) )  such  that  F(x,y)  =  iji(w(x)  |y jCT)  if  x  >  X 

and  |y|  <6.  The  function  i|i  satisfies  i{)(0)  =0  and  for 

t  €  (0,®),  \p'(t)  >  0,  t|i(t)  >  p  •  tg  for  some  constants 

p,q  >  0.  The  function  w  satisfies 

(w.3)  —  >  c  >  0  for  x  c  [X,®). 

w 

It  is  also  assumed  that  r(x)  satisfies 

(r.3)  r  c  C( [0,®), (0,«) ),  r(x)  *  1  for  x  c  [X,®). 

We  will  show  that  there  exist  infinitely  many  connected  components  of 
solutions  of  (1.1)  which  are  distinguished  by  nodal  properties  and 
these  components  bifurcate  from  the  line  of  trivial  solutions  at  the 
point  X  ®  0.  To  be  more  precise,  we  will  prove 
Theorem  5.1 

Assume  (r.3),  (f.2),  (F.2),  (F.3),  (F.4),  (F.7)  and  (w.3)  are 
satisfied.  Let  E  be  the  Banach  space  H^fa,®)  ft  L*[a,®).  Then,  for 
every  n  e  N,  there  exists  an  unbounded  connected  conponent  C* 

(resp.  C~)  C  (0,®)  x  E,  emanating  from  (0,0)  such  that  if 
(X,u)  €  C*  (resp.  Cj^)  and  X  >  0  then  u  «  s*,n(X,9)  (resp. 
s“,n).  Moreover,  C*  (resp.  C~)  n  ({X>  x  E)  jt  9  for  every  X  >  0. 
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Remark  5.2 

Note  that  the  assumptions  of  Theorem  4.11  are  stronger  than  those 
of  Theorem  5.1.  Hence,  so  is  the  result. 

Our  approach  is  based  on  a  method  of  which  variants  have  been 
used  in  [9],  [10},  [13],  [33],  [37},  [41],  [42]  etc.  A  detailed 
description  and  proof  can  be  found  in  ([41],  Appendix)  or  (  [4 2 j ,  §3). 
Proof 

For  fixed  a  >  0  and  0  <  9  <  -j  we  let  S*(®)  =  {(A,u)  e  r  x  E, 
(X,u)  satisfies  (1.1),  u>0  in  a  deleted  neighborhood  of  x  =  a, 

u  has  exactly  n  -  1  simple  zeroes  in  (a,®)}  u  {(0,0)},  n  >  1. 

Let  0  be  any  bounded  open  set  in  R  x  E  with  (0,0)  in  its 
interior.  By  ([41],  Theorem  A. 6),  it  suffices  to  show 
(i)  S+(~)  n  30  /  9. 

(ii)  -S^(“»)  is  closed  and  its  bounded  subsets  are  relatively  compact, 
and  the  last  assertion  of  the  theorem.  Since  the  latter  follows  from 
the  unboundedness  of  C+  and -Corollary  1.72  we  only  need  to  prove  (i) 
and  (ii). 

We  prove  (i)  first.  Let  S*(b)  *  {(A,u)  eR  x  C1 [a,b] ,  (A,u) 
satisfies  (1.4),  u  >  0  in  a  deleted  neighborhood  of  x  =  a,  u  has 
exactly  n  -  1  simple  zeroes  in  (a,b)}  U  {(yn(b),0)}  where 
yn(b)  ■  yn(a,b,9)  was  defined  in  (1.41. a).  From  a  result  of 
Rabinowitz  [24],  we  know,  for  b  >  a,  there  exists  a  connected 
component  C*(b)  C  Sj(b),  containing  (yn(b),0),  such  that  C*(b)  n 
({X}  x  [a,b] )  f  for  every  X  >  un(b) .  For  each  (A,u)  c  C*(b), 
we  extend  u  to  be  zero  on  (b,«)  and  identify  C*(b)  with  an 


>  •  ~  w  *  i. « *.-«  <_<-v  wi,vi  wwnoron 


unbounded  connected  subset  of  R  x  E.  Let  {b^}  be  an  increasing 
sequence  such  that  b^  -*■  +a>  as  k  -►  +®.  By  (1.41.d),  (yj^Jb^J/O)  e  0 
for  all  large  k.  Hence,  there  exists  €  Cn(bk)  ^  30  for 

such  k.  Since  0  is  bounded  {X^}  is  bounded.  Using  an  argument 
analogous  to  the  proof  of  Theorem  1.2,  we  may  assume,  without  loss  of 
generality  that  there  is  a  Xq  >  0  and  uQ  e  C  Ca,<*>)  H  H  [a,®)  such 


+  Xn  * 


(5.3) 


uk  Ug  uniformly  on  compact  subsets  of  [a,®)  .  (5.4) 

Then  a  slightly  modified  version  of  the  proof  of  Proposition  4.80 
shows  that  uk  uQ  in  E.  Since  (Xj^u^)  e  30,  (X0,uQ)  e  30  •  If 
Xg  *  0,  Lemma  1-57,  (5.3),  (5.4)  and  (1.75. a)  yield  u  =  0.  Since 
(0,0)  e  0  this  would  contradict  (Xq,Uq)  e  30*  Hence  X0  >  0*  To 
show  (Xq,u0)  e  S*(®)  we  need  to  prove 

Uq  jf  0  (5. 


(5.5) 


un  has  exactly  n  -  1  zeroes  in  (a,®) 


(5.6) 


TO  show  (5.5),  let 


u£(a)  if  8*0 
uv(a)  if  0  <  0  <  ~ 


for  k  «  0,1,2,...  .  Since  X0  >  0*  by  (5.3),  —  <  Xk  <  2X0  for 

large  k.  Invoking  Proposition  4.38  yields  1 I  >  en-1  ^or  suc^ 
Hence,  by  (5.4),  |^q|  >  Thus  Uq  cannot  be  the  trivial 


solution. 


'  V  •  « «  *  ■  *  .  •  )  *  i  . 
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In  order  to  prove  (5.6)  we  recall  the  notation  D*  (X,8), 

a  /  H 

Qa^n(X,0)  and  Ua(X,£,0,»)  introduced  in  §4.  It  suffices  to  show 
Proposition  5.7 

Suppose  the  hypotheses  of  Theorem  5.1  are  satisfied.  Let  a  >  0, 
0  <  0  <  f  and  n  £  N  be  fixed.  Let  e  ^Da,n^k'9^  U  ^a,n(xk'9)) 
and  (Xj^fljfc)  ♦  (Xg,£g)  as  ^  *  “•  Let  uq  =  Ua(Xg,£g,0 ,* ) • 

Xg  >  0  and  (Ag,u0)  satisfies  (1.1)  then  £g  €  Qa>n(Xg,0g). 

Since  the  proof  of  Proposition  5.7  needs  some  preliminaries  we 
postpone  it.  Now  we  prove  (ii).  Let  {(Xj^u^)}  C  (°°)  such  that 
(X^/Ujj)  +  (Xg,uQ)  i-n  R  x  E*  By  the  same  reasoning  as  in  (i),  this 
implies  that  there  exists  a  subsequence,  still  denoted  by  {(X^/U^)}, 
such  that  (5.3)  and  (5.4)  hold.  If  Xg  *.0  Corollary  1.72  and 
(1.75. a)  imply  u0  s  0.  Suppose  Ag  >  0.  The  same  argument  takes 
care  of  (5.5)  together  with  Proposition  5.7  gives  (5.6).  Hence 
(Xg,Ug)  €  S*(°°).  So  •S^(CD)  is  closed.  .  To  show  the  second  assertion 
of  (ii),  it  is  sufficient  to  p?ove  any  bounded  sequence  of  S*(°«5 
contains  a  convergent  subsequence.  Let  {(A^u^)}  C  S*(«)  be 
bounded.  Then  the  same  line  of  reasoning  as  in  (i)  shows  that  there 
exists  a  subsequence,  still  denoted  by  {(Xfc,uk)},  and  Xg  >  0, 
u0  e  C^[a,<»)  H  H^a,*®)  such  that  (5.3)  and  (5.4)  hold.  By 
Proposition  4.80,  u^  -*■  uQ  in  E.  Thus,  we  complete  the  proof  except 


I 


1 


E 

ft 


for  showing  Proposition  5.7. 

We  begin  with  the  preliminary  work  for  the  proof  of  Proposition 

5.7. 


a 

■ 

s 

> 

p 

S 


Lemma  5.8 


Assume  the  hypotheses  of  Tneorem  5.1  are  satisfied.  Given  X  >  0 
there  exists  an  a-j  =  a  1  ( X' )  such  that  for  X  £  (0,A],  if  a  >  a-| 


then  any  solution  u  satisfying 


-u"  *  Ar(x)u  -  F(x,u(x) )  , 
u(a)  =  0,  u(8)  =  0  (resp.  u  e  L2[a,®)) 


is  also  a  solution  of 


-u"  =  Xu  -  ^{w(x)juja)u  , 


u(a)  =  0,  u(8)  =  0  (resp.  u  e  L2[a,«)) 


(5* 9. a) 


( 5. 9.b) 


(5. 10. a) 


( 5. 1 O.b) 


Proof 


By  Corollary  1.72  luS  <  R-»(X#a).  Since  for  X  e  (0,A]» 

00  -J 

L  [a,«) 

K.j(X»a)  0  as  a  -*■  «•  The  same  arguments  as  those  in  the  beginning 
of  the  proof  of  Theorem  3.1  give  the  result. 

Lemma  5.11 

Let  c  be  a  constant.  If  u  is  a  solution  satisfying  the 
equation  -u"  »  Xu  -  \Ji(w(x)  |u |c}u  then  v  =*  cu  is  a  solution 


satisfying  the  equation  -v"  =  Xv  - 


Proof 


This  follows  from  the  calculation: 


-v”  ■  -cu 


■  Xcu  -  tjl(w(x)  |u|ff)cu 

■  XV  -  *(—  |vj°)v  . 

M" 


Proposition  5.12 


Let  a  >  0,  X  >  0  and  0  <  9  <  y  be  fixed  Let  fl  -  no#2^»9) 
be  the  initial  value  (defined  as  in  Proposition  4.12)  such  that 
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Ua(A,fl/9/*)  is  the  unique  (up  to  the  sign)  one-node  solution  of 

-u"  =  Xu  -  4i(exp(£x)  ju|°)u  ,  (5. 13. a) 

u(a)cos9  -  u'(ct)sin9  =  0,  u  e  L2[a,»)  (5.13.b) 

with  the  node  z  =  za^(X/Q,9).  Suppose  the  function  w  satisfies 
(w.3).  Then  any  one-node  solution  which  satisfies 

-u"  *  Xu  -  ij>(w(x)  |u|a)u  ,  (5. 14. a) 

u(a)cos9  -  u'(a)sin9  =0,  u  e  L2[a.“)  (5.14.b) 

cannot  have  its  node  exceed  z. 

Remark  5.15 

As  mentioned  in  Remark  4.15  (b) ,  we  use  the  notation  ->(A,9) 

instead  of  (2*  -,(X#9). 

Proof 

Let  e  >  0  and  b«b(e)  ■=  z  +  e.  Let  u.,  be  the  positive 
solution  which  satisfies 

-u“  -  Xu  -  exp(cx)  |u|a)u  ,  •  (5. 16. a) 

u(a)cos9  -  u'(a)sin0  «  0,  u(b)  =»  0  (5.16.b) 

and  U2  be  the  negative  solution  which  satisfies  (5. 16. a)  and 
boundary  conditions 

u(b)  =0,  m  e  L2[b,«)  .  (5.17) 

Let  u3  and  u,-  be  the  positive  solution  which  satisfies  (5.13.a), 
(5.16.b)  and  (5. 14. a),  (5.16.b)  respectively.  Let  u4  and  ug  be 
the  negative  solution  which  satisfies  (5. 13. a),  (5.17)  and  (5. 14. a), 
(5.17)  respectively.  Note  that  the  existence  of  Uj»  u4  and  ug 
follows  from  Theorem  1.2  and  the  hypotheses  of  \(i  and  w.  To  insure 
the  existence  of  u1#  u3  and  ug  we  argue  as  follows.  Since  the 
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restriction  of  Ua(X,Q» 9,*)  to  [a,z]  is  the  unique  positive 
solution  on  that  interval,  by  Proposition  1.43, 

v  X  >  y  i  ( ct/Z  ,  6 )  • 

This  together  with  b  >  z  and  the  fact  that  y^(a,*, 9)  is  a 
decreasing  function  yields  X  >  y^(a,b,6).  Then  by  Proposition  1.43 
again  implies  the  existence  of  u^,  U3  and  U5. 

Now,  from  the  assumption  (w.3),  it  is  easy  to  see  that 
w(b)exp(^x)/exp(^b)  <  w<x)  if  x  >  b 

and 


>  w(x)  if  x  <  b  . 

Hence,  by  Corollary  1.17 

Ug(b)  <  u}(b)  (5. 18. a) 

and 


u£(b)  >  u£(b)  . 


Next,  we  claim  that 


(5. 18. b) 


u^(b)  <  uj(b)  .  (5.18.C) 

We  prove  this  indirectly.  Note  that  the  nonlinearity  in  the  equation 
(5. 13. a)  satisfies  the  hypothesis  of  Corollary  4.9.  Suppose  u^(b)  = 
u^(b)  this  would  imply  the  boundary  value  problem  (5.13)  has  another 
one-node  solution  aside  from  U  which  is  contrary  to 

Corollary  4.9.  If  u^b)  >  u^b).  Since  u£(b)  =  _n^f^,(X,0),  by 
Lemma  4.69 

c  <  na,2<x,9> 


where 


C 


u^(a) 

u3  ( a ) 


if  9-0 
if  0  <  9  <  j  . 

1 


,,V 

IA.VV  LftJtlvVA.' 


<T» U  « T*** ._■  J»  '.7  .■  •  „■  ■  v.»  t-»y>  v_p ^ n 
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On  the  other  hand,  since 

*a/1(X,G,8)  =  2  <  b  =-za#1(A,5#e) 

(4.13)  yields 

5  >  na/2(x,0> 

which  contradicts  an  above  inequality  5  <  fi  2^'9)*  Therefore 
(5.18.c)  must  be  true. 

Let  c  =  (exp ( £b) /w(b ) ) •  Sy  Lemma  5.11, 

u{ (b)  =  cu$(b)  (5. 18. d) 

and 

u£(b)  =  cu^(b)  .  (5. 18. e) 

Combining  (5.18.a)-(5.18.e),  we  obtain 

Ug(b)  >  u£(b)  .  (5.19) 

Thus,  there  is  no  one-node  solution  whose  node  is  at  b.  Since  this 
is  true  for  any  b(e)  with  e  >  0,  the  proof  is  completed. 

Remark  5.20 

The  fact  that  (5.19)  is  true  for  all  b(e)  with  e  >  0  will  be 
used  in  the  proof  of  Proposition  5.7. 

Proof  of  Proposition  5.7 

Suppose  Ua(Xo,£o'9'* )  has  j  "  1  zeroes  in  (a,»)  for  some 
1  <  j  <  n.  We  first  assume  €  Qa,n^k'9)*  If  j  >  1,  by  the 
continuity  of  za,j-1 

za,  j-l^k'^k'9  ^  *  za,  j-1^0'^0'9^  +  ^ 
for  large  k.  Pick  a  sufficiently  large  so  that 

dj  >  Max  za  (X^/^jt, 0 )  (5.21) 

k>  1 

and  Lemma  5.8  holds  for  a  >  a^> 


In  particular,  taking  a  ■  we 
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know  l/T(  jj  (Ak/a/b,0,*>  and  j+1  j  (Ak/b,»,0,* )  are  solutions 
satisfying  (5. 10. a),  where  b  =  b(e)  was  defined  in  the  proof  of 
Proposition  5.12.  By  Proposition  5.12  and  Remark  5.20  we  have 

|l^(j)(Ak,a,b,0,b) |  >  |l/|( j+1)(\k,b,®,o,b)  \  •  (5. 22. a) 

By  (5.21)  and  (1.49) 

|^(j)Uk,Zj_1/b/0/b)  |  >  |L"(j)Uk,a,b,0,b)|  (5.22.b) 

where  Zj_1  =  za,  j-1(Xk'£k'0*'  Hence 

lt/T(j)(Xk'zj-1'b'0'b)  i  >  !^(j+i)(Ak,b,«,0,b)  |  •  (5.22.C) 

Since  (5.22.c)  is  true  for  every  b(e)  with  e  >  0  we  claim  that 
VXk'5k'9'->  cannot  have  its  j-th  zero  exceed  za,  -|(Ak,£),0)  ,  where 
2a,1^Xk'^'0^  and  n  =  fyx,2^k'0^  were  defined  in  Proposition  5.12. 
Indeed,  suppose  j  =  n  -  1  we  have 

V  f  ( j  j  ( Ak,  z ^ ,  z j ,  0 ,  z j )  **  ^  ■)  j  ( Ak ,  z j , co ,  0 ,  z j  )  (5.23) 

where  z j  =  za, j ^k'^k'9^ •  Thus  (5.23)  would  be  contrary  to  (5.22.c) 
if  Zj  >  za#1(Xk,n,0).  If  j  <  n  -  1,  we  have 

^r(j) (Ak,Zj_1fZj,0,Zj)  =  ^7(3+1) (Xk'2j'zj+1 »°'zj) 
where  Zj+1  =  za> j+1 ( Ak,?k,9 ) .  By  (1.47) 

I^T(  j+1)  (Xk'2j'2j+1'°'zj>  I  *  l^-r(  j+1)  (Ak/Zj,»,0,Zj)  |  .  (5.24) 

Hence 

I^T(  j)(Xk'zj-V2j'°'zj)  I  <  lt,T(j+1)(Xk'zj'“'0'zj)l  (5.25) 

which  again  would  be  contrary  to  (5.22.c)  if  Zj  >  zQ^ 1 (Ak*£1,0) . 
therefore,  in  either  case,  Ua( ^k' £k' ® , * )  cannot  have  its  j-th  zero 
exceed  za, 1 (Ak,fl,0) .  Since  zQf1  is  continuous  in  A  and  £  and 
by  Lemma  4.78  (1  =  ^a»2  is  continuous  in  A,  zaf  ^(  •  *na>2(*  #0)  is 

a  continuous  function  of  A*  Since  {Ak}  is  bounded,  there  exists  a 


8  >  a  such  that 


which  implies 


"  w  » _  T  V  TV  TV  W  ir  .  WVW\.TI\TWW.’J'..V<  J-  ’Jt  ■>  V  w>>Tj-\ir'  V",VYi>  'JV'.V  ’b’V^’VVV".-V-kV-u,V\'V\  VLV  W.  -W 
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Max  z 
k>1 


a,1 


(Xk'«a,2(Xk'0)'0)  <  6 


Max  za  j(Xk,£k,e)  <  B  .  (5.26) 

k>  1 

Since  {uk}  converges  to  Ug,  uniformly  in  the  c1-norm,  on  compact 
subintervals  of  (a,®),  (5.26)  implies  Uq  must  have  at  least  j 

zeroes  in  (a,®)  which  is  contrary  to  our  assumption  that  Uq  has 
j  -  1  zeroes  in  (a,«). 

If  j  =  1 ,  a  slight  modification  in  the  above  argument  shows  the 
same  kind  of  contradiction  occurs.  We  only  sketch  the  significant 
difference:  the  points  za, j+l^k'^k'®^  are  replaced  by  a  for  all 

k.  Thus  a  new  version  of  (5.21)  can  be  easily  satisfied.  Since 
Corollary  1.32  and  (1.49)  imply 

I  ^t(  j )  ^k,a'b'®  *b)  |  >  |  j )  ( Xk» a,b, 0,b)  | 
which  replaces  (5.22).  By  the  same  reasoning 

|  j )  (Xk,a,b,  0 ,  b)  |  >  |^(  j+i)(Xk,b,®,0,b)  |  (5.2/) 

which  is  (5.22.c)  in  this  case. 

Next,  suppose  £k  «  D*  n(Xk,0).  This  case  only  requires  a  slight 
modification  of  the  proof  of  the  previous  case,  so  we  only  indicate- 
the  significant  differences  as  follows:  let  =  za/n(*k'5k'® ) • 
k  -  1,2,3,...  .  The  functions  Ua ( Xk,£k,9, • )  are  understood  to  be 
defined  on  their  maximal  interval  of  definition.  From  (1.47)  we  know 

lVx( j+1){xk'b'"'0'b) I  >  !yx( j+1) (xk'b'bk'°'b) I  * 

This  together  with  (5.22.c)  yields 

i^<j)(xk'2j-i'b'°'b)f  >  ii,;(j-M)(xk'b'bk'o'b)i 


i 


> 

> 


c 

f 

I 

i 

i 

t 

M 


r, 

sf 


•> 

> 


A 


! 


f: 
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which  is  (5.22 .c)  for  this  case.  Finally  replace  ®  by  in 

(5.23)-(5.25)  and  (5.27). 

Since  any  sequence  (Cj^)  contains  a  subsequence  which  lies  in 


one  of  the  above  cases  we  complete  the  proof 


56 


'  «rv  rj  V  V  iru  irv  JTW  KV 
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ANALOGOUS  RESULTS  FOR  RADIAL  SOLUTIONS  IN  HIGHER  DIMENSIONAL 
CASES 

In  this  section,  we  consider  the  partial  differential  equation 

-Ati  =  Ar(x)u(x)  -  F(x,u(x)  )u(x) ,  x  cRN  (6.1. a) 


and  seek 

ft  e  L2(RN)  n  C2(rn)  .  (6.1.b) 

It  is  assumed  that  £  :  RN  +  (0,«)  and  F  :  RN  x  R  -»■  [0,®)  are 
radial  symmetric,  that  is,  there  exist  functions  r  :  [0,®)  -►  (0,®) 
and  F  :  [0,®)  x  R  -*■  [0,®)  such  that 

r(x)  *  r(p) 

and 

A 

F(x,y)  =  F(p,y)  _ 

for  x  c  Rn  and  p  «  [xf.  Since  our  aim  is  to  look  for  radial 
solutions  of  (6.1),  (6.1)  is  equivalent  to  studying 

-u"  -  £ - 1  u«  *  \r(p)u  -  F(p,u)u,  0  <  p  <‘+®  ,  (6. 2. a) 

P 

<0 

u’(0)  a  0,  f  pN“^u2dp  <  +®  (6.2.b) 

0 

where  and  throughout  this  section  prime  always  represent 
differentiation  with  respect  to  the  radial  variable. 

Besides  assuming  (r.1),  (F.1),  (F.3),  (F.4),  (F.5)*  (where  it  is 
understood  p  plays  the  role  as  x  did  in  the  one-dimensional  case) , 
we  replace  (F.2)  by  (F.2)'. 

(F.2) *  There  exists  positive  numbers  <j^  and  continuous  functions 
:  [0,®)  ♦  (0,-)  which  satisfying 


j 

5 

>r 


jjj 


t 
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•  «...  -2/a, 

J  p  xdp  <  +®,  i  «=  1,2 

0 


(6.3) 


such  that  F(p,y)  >  o.,(p) | y | ^ 1  for  p  e  10,®),  y  >  0 
and  F(p,y)  >  u2Cp)  |y !  2  for  p  e.  [0,®),  y  <  0. 

Remark  6.4 

If  we  let  SUx)  =  ui(p)  for  x  e  RN  and  fx[  *  p  then  the 

A-2/ai 

growth  condition  (6.3)  is  equivalent  to  the  condition  j  S .  ^dx  <  ® 

rn  1 

which  has  been  imposed  in  (3]  and  [8]. 

Our  goal  is  to  generalize  the  results  of  §1-5  to  this  radial 
case.  The  arguments  parallel  those  of  the  earlier  sections, 
therefore  we  will  be  more  sketchy  with  details  than  earlier. 

A  new  difficulty  in  treating  problem  (6.2)  is  that  it  has  a 
singularity  at  the  origin.  Thus  in  the  spirit  of  the  earlier 
sections,  we  approximate  (6.2)  by 

-u"  _  —  u*  =  \r(p)u  -  F(p,u)u  ,  (6. 5. a) 

p  +  e 

u'(0)  -  0,  u(b)  =  0  (6.5.b) 


where  e  >  0  and  b  c  (0,®).  We  will  apply  a  global  bifurcation 
result  of  Rabinowitz  ( [24] ,  Chap.  4)  as  well  as  obtain  certain 
estimates  for  solutions  of  (6.5).  To  do  so,  we  look  at  the  following 
equivalent  problem: 

-(  (p+e)N“1u'  ) '  ■  Xr(p)  (p+e)N_1u  -  (p+e)N-1F(p»u)u  ,  (6. 6. a) 

(I1)b,e 

u* (0)  -  0,  u(b)  -  0  .  (6.6.b) 

If  (II)jj  E  is  linearized  about  the  trivial  solution  u  =  0  we  get 

-Up  +  e)H"V)'  -  Xr(p)  (p  +  e)n"V  ,  (6. 7. a) 

v'(0)  -  0,  v(b)  -  0  .  (6.7.b) 


Let  S,  (X)  (resp.  S,  (X))  be  the  set  of  u  e  C^[0,b]  such 

D  t  £ #n  Of £ fH 

that  u  satisfies  (6.5)/  u  >  0  (resp.  <  0)  in  a  deleted 

neighborhood  of  x  =  0 .  and  u  has  exactly  n  -  1  simple  zeroes  in 

(0,b),  where  X  >  0  and  n  >  1  is  an  integer.  If  (r.1),  (F.1), 

(F.2)',  (F.3)  and  (F.4)  are  satisfied,  a  direct  application  of  the 

global  bifurcation  theorem  of  [24]  shows  that  (11)^  £  possesses  two 

unbounded  components  C*(b,e)  and  C“(b,e)  of  solutions  in 

R  x  C^[0,b].  Both  contain  (yn,0),  where --tfn  -  pn(b,e)  is  the  n-th 

eigenvalue  of  (6.7).  If  X  >  yn  and  (X,u)  £  C*(b,e)  (resp. 

C“(b,e)),  then  u  c  (X)  (resp.  S.  ( X ) ) •  Furthermore,  a 

n  £>,e  ,n  o,e,n 

result  we  mentioned  in  Remark  1.44  shows  that  the  projection  of 
__  C*(b,e)  (resp.  C~(b,s))  on  R  is  ryn,«)»  Also,  a  version  of 

Proposition  1.43  holds  here. 

In  order  to  obtain  results  for  the  limit  problem,  we  need  some 
estimates  as  follows. 

Lemma  6.8 

Assume  (r.1),  (F.1)  and  (F.2) '  are  satisfied.  Let  X  >  0  and 
6q  >  0.  Then  there  exist  constants  k,.  -  kj.(X»eg)  and 


SL  ■  EL(X,e„)  such  that  for  all 


[0,eo]  and  b  e  (0,»)  if  u 


is  a  solution  of  (II), 


/  (p  +  e)N_1u2dp  <  k( 
0 


/  (p  +  c)N“^u,2dp  <  k 
0 


(6. 9. a) 


(6.9.b) 


»i*S 
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Proof 

We  argue  like  the  proof  of  (1.58. a)  and  (1.58.b).  Let 

I  2/a i  ,b  <  -2/a \ 

k5  *=  k5(X,b,e)  =  £  (Xr2)  x(f  (p  +  e)N  1cui  xdp)  and 

i=1  0 

kg  *  kg(X,b,e)  =  (Xr2)k5(X,b,e ) .  Then  the  same  arguments  as  the 
proofs  of  (1.58. a)  and  (1.58.b),  except  for  the  presence  of  the  extra 
weight  (p  +  e)*-1,  show  that 

b 

/  (p  +  e)N~1u2dp  <  k5(x,bfS)  (6. 10. a) 

0 

and 

b 

/  (p  +  eJ^u^dp  <  K6(X,b,E)  .  (S.IO.b) 

0 

~  ?  2/a  ®  -2 /at 

Letting  k5(X,EQ)  =  £  (Xr2)  (f  (p  +  eQ)N  7u)i  <3p )  and 

i=1  0 

kg^ X/Eq)  =  (Xr2)k5(X,eQ) .  We  have  (6.9)  for  any  e  e  [0,£g]  and 
b  c  <0,«). 

Remark  6.11 

By  assumption  (F.2)',  it  is  easy  to  see  that  k^(AfEg)  <  *a>  for 
any  X  >  0  and  e0  >  °*  i  *  5»6* 

Lemma  6.12 

Assume  (r.1),  (F.1)  and  (F.2)’  are  satisfied.  Let  X  >  0,  b  >  1 

and  e  e  (0,e0).  Let  u  be  a  solution  of  ( H)b,e •  Then  there  exists 

a  constant  k7  -  k7(X,e0)  such  that 

lul  <  k?  .  (6.13) 

L*[0,b] 


v.  '■»'  •v  V.  «.i  K.1  ii»  '»:  TV  'VT,  V^VvrVTVV 
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Proof 


Arguing  like  the  proof  of  (1.57.c),  we  have,  for  x  c  [1,b], 


u2(x)  <  2 (/  u  dp)  '  (/  u,2dp) 


<  2(x  +  e) 1-N  (/  (p  +  e)N_1u2dp)1/2(/  (p  +  e)N-1u,2dP ) V2 


<  2(/  (p  +  s)N”1u2dp)1/2(/  (p  +  e)N”1u*2dp) 1//>2 
0  0 


w  w 

<  /  (p  +  e)N  u2dp  +  J  (p  +  e)N_1u,2dp  . 


~  ~  1/2 

Let  kg  *  k8(X,eo)  =  (*5  +  Lemna  6*8,  we  have 


I.  t^b] 


<  kg  . 


(6.14) 


_  Vo, 


Next,  let  =*  Min  i  *  1,2  and  k?  *  Max(  (X^/w  -j )  / 

pe  [0,1] 

-  1/o2  ,  , 

(Xr2/o)2)  ,  kg).  If  |u(p)|  <  kg  for  all  p  e  [0,1]  we  have 

completed  the  proof.  Otherwise,  let  M  *  Max  |u(p)|,  lu|  must  be 

pe [0, 1] 

equal  to  M  at  some  point  t  e  [0,1).  Suppose  u(t)  *  M  then  u 
attains  its  maximum  at  t.  Suppose  t  =  0.  Since  u'(0)  *  0, 
u"(0)  <  0.  It  follows  from  (6. 5. a)  that 

F(0,u(0) )  <  Ar( 0 )  . 

Ibis  together  with  (P.2)'  and  (r.1)  leads  to 

1/c, 

M  4  Ur2/ut(0)) 

If  t  e  (0,1),  then  u’(t)  -  0  and  u"(t)  <  0.  The  same  argument  as 
above  shows 


v.v. -  a  -  v 
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l/o-, 

M  <  (  Xr2/ai7(t) )  1  . 


Therefore,  in  either  case,  we  have 


_  l/o, 

M  <  { Xr2/ to i )  • 

Suppose  u(t)  =  -M  then  u  attains  its  minimum  at  t.  By  an 
analogous  argument,  we  get 


_  1/o2 

M  <  Ur2/m2)  * 


Hence  (6.13}  easily  follows. 


Lemma  6.15 


Assume  (r.1),  (F.1)  and  (F.2) '  are  satisfied.  Let  3  >  0  be 
fixed.  For  any  b  >  g  if  u  is  a  solution  of  (11)^^  and 


L  [0,81 


<  M  then  there  is  a  constant  kg  =  kg(x,3,M)  such  that 


for  p  €  [0,3] 


|u'(p)|  <  *g  •  P  • 


(6.16) 


Proof 


Integrating  (6. 6. a)  over  [0,p]  together  with  (6.6.b)  yields 


(p  +  e)N“1u' (p)  =  /  [F(t,u)u  -  Xr(t)u](t  +  e)N_1dt 


Invoking  the  mean  value  theorem  for  integrals,  we  get 

(p  +  e^^uMp)  =  A(s)  (s  +  e)1*"1? 

where  A(s)  ■  [F(s,u(s) )u(s)  -  Xr(s)u(s)]  for  some  s  e  [0,p]. 

Letting  kg  «  kg(X,8,M)  »  Max  [F(t,y)  +  Xr2jfy|,  (6.16)  now  easily 

0<t<8 

0<y<M 

follows. 


Next,  we  state  the  uniqueness  and  existence  result  for  positive 


(resp.  negative)  solutions  of  (6.2)  as  follows: 

Theorem  6.17 

M  ■  »  - -  .  V 

Assume  (r.1),  (F.1),  (F.4)  are  satisfied.  Let  X  >  0  be  fixed. 
If  u-j,  U2  are  two  solutions  of  (6.2)  such  that  u^,  U2  >  0  (resp. 

<  G) ,  then 

u.j  =  u2  in  [0,®)  . 

2 

Let  Lp  [0  ,co)  be  the  weighted  Hilbert  space  of  u  such  that 

CD 

/  u2(p)pN-1dp  <  ®.  Define  [0 ,® )  by  u  e  H^LO,®)  if  and  only 
0  p  p  - 

if  u  e  L2[0,®)  and  u’  e  L2[0,«). 

P  P 

Theorem  6.18 

Assume  (r,1),  (F.1),  (F.2)',  (F.3)  and  (F.4)  are  satisfied. 

Given  X  >  0  there  exists  a  positive  (resp.  negative)  function 
u  c  C2[0,«)  O  Hp[0,®)  satisfying  (6.2)  such  that 

list  p(N_1)/2u(p)  -  0  (6. 19. a) 

and 

lim  p(N-1)/2u. (p)  =  o  .  (6. 19. b) 

p+® 

Remark  6.20 

(a)  In  fact,  we  will  show  every  solution  of  (6.2)  belongs  to 
C2[0,«)  Pi  Hp [ 0 ,® )  and  satisfies  (6.19). 

(b)  If  u  «  C2[0,®)  D  [0 ,® )  and  satisfies  (6.2)  by  letting 
fi(x)  -  u(p)  for  |xj  *  p  and  x  e  RN,  then  G  e  C2(rn) 

H  H^(RN)  and  satisfies  (6.1. a). 


%  *  *  u  h  *  r;  r. 


^  -j>  -lw  m  njour  ^ur*  v»-  i.Tf  v>  yv  i>  ivivwtv.vjvr  wi".  g.»  vrg  >•  ■«  t-"A'v: 
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(c)  Theorem  6.17  as  well  as  "monotonicity"  properties  like 

Corollaries  1.17,  1.32  and  1.45  actually  hold  for  positive  (resp. 

negative)  solutions  of  (6.6)  with  e  >  0.  Their  proofs  are  the 

same  as  the  earlier  ones  with  only  the  equation  (1.1. a)  changed 

to  (6. 6. a)  and  the  decay  of  solutions  lim  u(x)  =  lim  u'(x)  =  0 

X+w  X+-00 

to  (6.19).  Therefore  we  omit  the  proofs. 

Proof  of  Theorem  6.18 

Let  {bk}  be  an  increasing  sequence  and  {ek}  be  a  decreasing 

sequence  such  that  bk  -*■  ®  and  0  as  k  «■>.  Let 

u^  =  l^+(  A»bk,ek,  • ) ,  the  unique  positive  solution  of  (11)^  .  By 

k'  k 

Lemmas  6.12  and  6.15,  we  know  for  all  bk  >  1,  4  e0»  there  is  a 

constant  C1  =  C.,(A,bk,e0)  =  K7  +  Kg  •  bk,  where  Kg  =  Kg(\ ,bk,K7) , 
such  that  for  all  £  >  k 


*V  1 

4  c’[0,bk] 


<  c 


1  ' 


and 


Max 

pe[0,bk) 


|Ul(p) 


|p  +  e 


<  k 


9  • 


By  the  same  line  of  reasoning  as  in  the  proof  of  Theorem  1.2,  there 
exists  a  subsequence  {u.  }  and  a  u  e  C*[0,®)  O  H  [0,®)  such  that 


"k 


j 


u  uniformly  on  compact  subsets  of  [0,®) 


(6.21) 


ttiis  together  with  (6.16)  shows  u’(0)  *  0.  Also  the  same  sort  of 
arguments  used  in  the  proof  of  Proposition  1.76  shows  u  cannot  be 
the  trivial  solution. 


r 


>  V  «•_!  "  v.'  TW. 


^^y-;>ror^yjV?vyvv^  V.  A  IM^VJV.  .’.  A  A W  V: V -j. -.*-.»  -,v  -, 


3 


j 
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To  show  (6.19)  holds,  we  make  the  transformation  v  =*  p(N-1)/2u< 
Then  (6. 2. a)  takes  the  form 

(N  -  1 )  ( N  -  3) 


—XT* 


Ur(p)  - 


-  F (p,v) ]v 


(6.22) 


4p 


where  F(p,y)  =  F(p,p 


(1-N)/2 


y).  Taking  an  a  >  0,  viewing  v  as  a 


solution  of  (6.22)  on  the  interval  [a,00),  and  using  (6.2.b),  we  see 
V  e  l.'- [a,00).  Invoking  Lemma  1.7  yields  v(p)  -►  0  and  v' (p )  >  0  as 

p  ♦  «®.  Thus  (6-6)  and  (6.7)  follow. 

Next,  the  existence  cf  solutions  possessing  a  prescribed  number 

/"w  • 

of  nodes  will  also  be  established.  Let  S  (X)  (resp.  S  (X))  be  the 

n  n 

set  of  u  e  C2(0,®)  n  hJ[0,o)  such  that  u  satisfies  (6.2),  u  >  0 
(resp.  <  0)  in  a  deleted  neighborhood  of  x  =  0  and  u  has  exactly 

n  -  1  simple  zeroes  in  (0,«),  where  X  >  0  and  n  >  1  is  an 

integer. 

Theorem  6.23 

Suppose  (r.1),  (F.1),  (F.2)*_(F.3),  (F.4)  and  (F.5)  '  are 

satisfied.  Let  X  >  0  be  given.  -  Then  sf^fX)  and  S  (X)  are 

n  n 

nonempty  for  all  n  <  N  • 

Proof 

We  first  need  a  new  version  of  Lemma  2.52  provided  that  (r.1), 
(F.1),  (F.2)',  (F.3)  and  (F.4)  are  assumed.  Indeed,  the  proof  of 
Lemma  2.52  depends  on  existence,  uniqueness,  continuity  and 
■monotonicity"  results  for  positive  and  negative  solutions  which  can 
be  insured  by  our  hypothesis  here.  Next,  make  the  transformation 
v  ■  p(N-1)/2u  as  in  (6.22).  We  look  at  the  following  problem 


•wt  v-  v  ,'  /vlylV/wv  .’’.v.  L*.  y*.1  ^.IT.  y.  ^»V!‘wVlrVT'. 


1 18 


$ 


,  .  (M  -  1 )  (  N  -  3 )  > 

-v"  *  (Xr(p) - - - Jv  -  F(p,v)v 

4p 

v(a)  =  0,  vc  L2[ct,®)  • 


(6. 24. a) 


(6*24. b) 


If  a  is  large  enough,  Xr(p)  — — - — ~  r1  for  p  >  a. 

4p 

Since  the  function  F  satisfies  (F.5)'  and  F(p»y)  =  F(p ,p  C,-N)/2y) ^ 

F  ( p ,  -y )  =  F(p,y)  if  |y|  <  5  and  p  >  Max(1,X).  Thus  the  function 
F  satisfies  (F.5)'.  Also  f'(p,y)  satisfies  (F.2)*  implies  that 
F(p,y)  satisfies  (F.2).  The  remaining  assumptions  of  Theorem  3.1  can 
be  checked  easily.  Hence,  for  every  n  >  2,  if  a  is  sufficiently 
large,  by  Theorem  3.1,  there  exists  a  v1  c  S*  n(X)  (resp 
Let  u1  =  p(1-N)/2Vl  and  u-|  satisfies 

N  -  1 


S„  _(X)). 
a 


•u"  — 


u'  *  Xr(p)u  -  F(  ),u)u  , 


u(a)  *  0, 


u  e  l/[a,®> 


(6. 25. a) 
(6.25.b) 


and  has  the  same  nodes  as  v^  does.  The  rest  of  the  proof  is  like 

the  second  half  of  the  proof  of  the  Theorem  3.1.  Let  xQ  =  0,  xn  ■*  ® 

and  xif  1  <  i  <  n  -  1,  be  the  nodes  of  ut-  Invoking  the 

•monotonicity"  properties  and  the  new  version  of  Lemma  2.52  we  take 

as  starting  point  and  iterate  as  earlier  to  obtain  a  solution 

which  belongs  to  S  (X)  (resp.  S  (X))« 

n  n 

The  dimension  N  =  3  is  rather  special.  In  view  of  (6.22), 

1L*N  .--j)  vanishes  if  N  *  1  or  3.  This  enables  us  to  obtain 
4p2 

more  results  when  N  *  3.  Assuming 

(P.6)'  There  are  ^1*^2  c  CO,*) »  [0#®))  *  <1^(0)  ■  ^2  ^ 0  ^ 

* ^2  >  0  in  (0#»)  and  a  positive  number  a  such  that 
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p(p#y)  =  \ 


I  <i1(w(p)p°|y  I7) ,  y  >  0,  p  €  [0,®) 

^2(w(p  )pa  1  y  lCT) »  y  <  o,  pc  [o,®> 


where  w  c  C 1 ( [0,®) , f0,®) ) . 


We  can  invoke  results  from  §4  to  get  the  following  uniqueness  and 
bifurcation  resu.' ts  for  solutions  of  (6.2). 

Theorem  6.26 


Suppose  (r.2),  (F.6)*,  (ij>.1),  (w.1)  and  (w.2)  are  satisfied.  Let 


N  ■  3.  Then,  for  very  X  >  0,  S  (X)  contains  at  most  one  element. 

n 


If  (\|i.2)  is  further  assumed,  S“  has  a  unique  element.  Moreover,  let 


E  be  the  Banach  space  H^[0,®)  D  L°°[0,®).  Then,  for  each  n  c  N, 


(6.2)  possesses  two  curves  of  solutions  C*  and  C~  in  R  x  E  with 


c*  -  {(X,U±(X))|X  >  0}  u  {(0,0)}  and  uJ(X)  c  S*. 


Remark  6.27 


Theorem  6.23  is  not  quite  applicable  to  the  existence  part  of 
Theorem  6.26  since  F(0,y)  =  0  for  y  eR. 

Proof 


in.  f  _ 

If  u  c  S  (X),  by  the  transformation  v  =  pu,  it  is  easy  to  see 
n 

that  v  e  C2[0,®)  D  H^O,®),  v(Q)  *  0,  v'(0)  =  u(0)  and  v  satisfies 
(4.5).  Thus,  if  (r.2),  (F.6)',  (-^.1),  (w.1)  and  (w.2)  are  satisfied, 
by  Theorem  4.7,  S^(X)  contains  at  most  one  element. 

Suppose  (\J>.2)  is  further  assumed.  By  Corollary  4.9,  n(X,0) 

contains  a  unique  element  v  c  C  t0,«)  H  H  [0,®).  From  the 
assumptions  for  the  functions  and  w,  (4.5)  shows  v"  c  C^[0,®> 
and  hence  v  c  C^(0,®).  Let  u(p)  ®  p_1v(p)  for  p  c  (0,«), 
u(0)  -  v* (0 ) ,  u* (0)  ®  0  and  u*(0)  «  v,,,(0)/3.  It  is  easy  to  see 


i 


& 


that  u  e  C2(0,®)  H  h'[0,®)  and  u  satisfies  (6.2).  We  claim 


u  €  C2[0,«) .  Indeed,  v(0)  =  0  and  (4.5)  imply  v**(0)  =  0.  Hence 


lim  u(p)  =  lim  p_1v(p)  =  v'(0) 


p-*-0  p+0 

So  u  is  continuous  at  0.  By  Taylor  series  expansion,  v(p)  = 


v'(0)p  +  v"'(0)p3/6  +  o(p3).  It  follows  that 


lim  u'(p)  =  lim  [pv* ( p )  -  v(p)]/p2  =  lim  [v’(p)  -  v'(0)]/p 

p+0  p+0  p+0 


*  v"(0)  =  0  . 

So  u'  is  continuous  at  0.  Finally  v'(p)  =  v' (0)  +  v' ’’(0)p2/2  + 
o(p2).  Thus 


lim  u"(p)  =  lim  [V  ^  V  —  v'  * '  (0)p/6] 


p-*-0 


p+0 


lim  (V"(P)  _  v‘  (o)  -  v*  (0)  .  v*  "(0) ^ 


p+0 

-  v*  "  (0)/3  . 

So  u  e  C2[0,«).  It  is  now  clear  that  u  e  S*(X). 

To  prove  the  last  assertion,  we  note  that  Theorem  4.11  and  the 
transformation  u  =  p“V  induce  conn  ted  components  of  solutions  of 


(6.2)  in  R  x  hJ[0,®).  By  an  argument  analogous  to  the  beginning  of 


the  proof  of  Lemma  6.12,  we  have  lu  -  u  I  <  lu  -  u  I 

1  i  l"[1,«)  h’IO,-) 

+  p 
if  (X^U^) ,  (X2*u23  €  °n*  71115  together  with  the  continuous 


dependence  of  the  solution  for  the  initial  value  problem 


-u"  -  — - -  u'  =  Xr(p)u  -  F(p,u)u  , 

P 


u(0)  ■  u0,  u* (0)  « 


shows  C~  are  connected  in  R  x  E. 
n 


«V  .'aJi  . 
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Let  f 1 (p,y)  =  F{p,p-1y)y.  Under  the  assumptions 
(f.2)*  f^(p»y)  is  continuously  differentiable  in  [0,®)  x  R 

and 

(F.7) '  There  exists  5  >  0,  X  >  0  and  functions 

4*  €  C^(  [0,«) ,  [O,®) ),  w  e  C1  (  [0,®) ,  (0,®) )  such  that 
F(p,y)  =  tf/(w(p)pCT  jy|a)  if  p  >  X  and  |y|  <  6*  The 
function  <()  satisfies  $(0)  =  0  and  for  t  e  (0,<*>), 

>  0,  ij>(t)  >  P  •  t^  for  some  constants  P,q  >  C. 

We  have  a  bifurcation  result  which  is  parallel  to  Theorem  5.1. 

Theorem  6.28 

Suppose  (r . 3) ,  (f.2)',  (F.2)*,  (F.3),  (F.4),  (F.7)*  and  (w.3)  are 

satisfied.  Let  N  =  3  and  E  =  n  L°°[0,®).  Then,  for  every 

n  e  K,  there  exists  an  unbounded  connected  component  C*  (resp.  C~) 

C  ( 0 ,oo )  x  E,  emanating  from  (0,0)  such  that  if  (X,u)  e  C+  (resp. 

C~)  and  X  >  0  then  u  e  S^X)  (resp.  S  (X)).  Moreover,  C* 
n  n  n  ** 

(resp.  C~)  O  ({X}  x  E)  ?  9  for  every  X  >  0. 

The  proof  follows  the  same  strategy  as  we  used  in  Theorem  6.26, 


so  we  omit  it. 


•  '\r.  /  v.  'WV'J  VWJWW 
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